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1. Introduction 
Rectangular-waveguide H-plane step discontinu- 

ity as shown in Fig.l(u) is one of the key structures for 
constructing vsrious H-plane waveguide circuit. In the 
past, variation method' was widely used for analysis 
because of less computation but reasonable result. Now, 
abundant computational resources are available, which 
make mode matching method more practical and ef- 
fective. Therefore, generalized S-matrix method2 is use- 
ful for calculation of frequency response, but cannot 
give a good physical picture of field behavior at step. 
Hence, here modelling the structure by planar circuit 
and applying modal analysis, the whole equivalent net- 
work shown in Fig.l(c) is derived, which consists of 
multi-transmission line and multi-port ideal tmnsformer 
with vector notation for waveguide and step section, 
respectively. The frequency response and field behav- 
ior at operation can be easily calculated by this equiva- 
lent network The essential error in this analysis is caused 
by truncation ofmode. Convergence behavior with mode 
is investigated for practical case, which suggests rea- 
sonable mode number. Finally, equivalent network for 
various H-plane rectangular waveguide circuit are de- 
rived, using vector notation of equivalent network. 
2. Description of field by planar circuit equations 

The step discontinuity shown in Fig. 1 (a) can be 
understood as a planar circuit. Assuming TElo excita- 
tion, the field component in the circuit are only E, and 
H,=(H, fly), whose relations are given by planar circuit 
equations (1). where planar circuit voltage and current 
density are defmed by eqs(2). 

H-plane step discontinuity can be divided into waveguide 
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J/ (U) H-plane step discontinuity 
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(h) division of step discontinuity into step and waveguide sect im 

2: y'  : : z: y2 
(c) whole equivalent network in vector notation 

Fig.1 Step discontinuity and whole equivalent network 

(A) General relation as fors,! (Kl, K2 : arbitrary constant) 
sdependent equations I-dependent equations 

lwhm J;(.T) = V'(.T) @-2)(wherel,(t) = - 
Table1 s,4 related voltage and current relation 
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and step section as shown in Fig. 1 (b), whose eqdvalent 
network is derived in the following. 
3. Equivalent multi-transmission line for waveguide 

I-s coordinate system is introduced instead of x- 
y as shown in Fig.2(a). Related voltage and current den- 
sity can be expressed by eq.(3) using separation of vari- 
able form. v($s) = ~ ( 1 ) .  v‘(s) 

L(!,*v)=J,(t).$(s), J,(E,s)= &(t) .J;(s) (3) 
Substituting eqs.(3) into eqs.( 1) and using separation 

of variable technique, we can derive s-dependent func- 
tion V’(S), J;(.v), J:(.v) and I-dependent function 
~ ( t ) ,  ~ ~ ( e ) ,  J,(L), which are summarized by box (A) in 
Table 1, where K, and Kz are arbitrary constants. How 
to choose K,-value is related to the defmition of mode 
characteristics impedance. In our analysis, we choose 
K, and Kz to be unity, then the related equations are 
given by box (B) in Tablel. 

Solving eqs.(B-1) under short condition at side 
wall (s=O,W),p-th width mode function is given by 
eq(4), which satisfies eq(5) of orthonormal condition. 

T(s) = irsin? = Sp(s) (4) +jk(s)Kws = a,, (5) 
Also,p-th mode phase constant is given by eq.(6). 

4, = ,ik’ -(p./W)’ ( p =  1, 2 , . 4  (6) 
When pth mode current Ip(Z) is defmed so that product 
of mode c a n t  and mode voltage gives the correspond- 
ing mode power, the mode current is given by 
I,(E)=J,(E) W. Then, the transmission line equations 
along for p-th mode are derived from eqs.(B-3) in 
Tablel and given by eqs.(7). 

Hence, mode characteristic impedance and mode propa- 
gation constant are given by eq.(8) - 

zcp  = i-- ”’ - * [a] y p  = \m = j& [rad m] (8) 

Whole equivalent network for waveguide is shown in 
Fig.2(b) or by vector notation in Fig.2(c). Column mode 
voltage and current, characteristic impedance and propa- 
gation constant matrix are defined by eqs(9). I“. =diag( zc l ,  zC2,.-) Y= diag(y1, n,...) 

15 BPW 

IJ = (S(t), Y,(f) , . . . )’  i = (1,(4, 12(t),...)’ (9) 

The mode voltage and current distribution along E, V,(P) 

( a )  rectangular waveguide and t -s  coordinate system 

’ - II(b 0 
p=l i Is(!) 71, &I . 

+IP(Q : 
P , t  Y,(O 7 P I  zcp ! . 

e 
: ( b )  equivalent multi-transmission line j 

0 + i o  

; t V ( l )  ‘y, 2, - 
l-0 
(c) multi-transmission line in vector notation 

Fig.2 Equivalent network for waveguide 

and I#) are once calculated, voltage and current den- 
sity distribution in the waveguide are given by eqs.(lO). 

V (  I s )  = 5 vp (eJ) = vp (L)Sp(s) 
p=1 

where S,,(s) = 42 sin?, Cp(s) = 12 cos? (1 1) 
4. Equivalent multi-port ideal transformer for step 

Voltage and current density distribution alond s 

at port1 and 2 of the step shown in Fig.3(a) can be given 
in eqs.(l2) and (13) by the summation of the related 
mode voltage and current at each port. c, I;, c2, I; 

V’(s,) = 5 G;‘ S,‘(sz) I .= I  

Also, voltage and current density at the step must sat- 
isfy the following continuity condition. 

Substituting eqs.(l2), (13) into above eqs. and apply- 
ing orthonormality, following relations are obtained. 
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where PI:: = +Jofi $ (3' 1 $(SI )U& (17) 
These relation can be expressed by multi-port ideal 
transformer as shown in Fig.3(b), which gives equiva- 
lent network for step. When mode voltage and mode 
current column matrix is defined as u',C,liL,iZ at each 
port, the relation (16) can be expressed by eqs.( 18)'". 

U' = ( m y  . $ (18) i2 = 1121 . i l  

where n2' I (5) 
Therefore, multi-port ideal transformer can be expressed 
by vector notation in Fig.3(c). 
5. Reduction of field problem to circuit problem 

Whole equivalent network for step discontinuity 
can be expressed by Fig. 1 (c) in vector notation. Thus, 
field problem is reduced to circuit problem, which can 
be solved easily by circuit theory. Incident mode volt- 
age and reflected mode voltage column matrix is de- 
fmed by A', AZ, B', B2 at each port, then mode voltage 
scattering matrix is given by eqs.(l9) and (20)2, where 
zh = z;.y;, = z:g are normalized input mode im- 
mittance matrix at port1 and port2. 

transformer ratio matrix 

port1 
A 

(19) 

port2 

9; = (Z" + 1r p" -1) $2 = (I + q ( I -  Z") 
J": =z:n $(I-s;l) s': =n'(I+s;') (20) 

6. Numerical Example 
Calculated results of symmetric step discontinu- 

ity shown in Fig.l(u) (W,=20mm, Wz=lOmm, d=5& 
with air) are shown in Fig.4, where p and q mean num- 
ber ofmode considered at Wl and Wz withp/q=Wl/W2. 
Figd(u) and (b) show that frequency response will con- 
verge at p ~ 4 0 ;  but Fig.4(d) shows that p=40 is not 
enough butp=100 seems to be enough for realizing 
continuity of the voltage and current density distribu- 
tion at the step. Fig.4(c) shows voltage distribution of 
zero phase at 20GHz with p=lOO. Far from the step, 
necessary number of mode for describing the field is 
reduced due to evanescent character of higher mode. 
7. Conclusion 
1. Equivalent network for H-plane step is derived Erom 
modal analysis and expressed by multi-port ideal trans- 
former or vector notation as shown in Fig.3(b) or (c). 

$ ( I )  
A 

WI 

A 

#1 #2 w2 

'I 

P' 

i 
( b )  Equivalent multi-port ideal transformer 

( e )  equivalent netiork in v&tor or matrix notation 
Fig.3 Step and its equivalent multi-port ideal transformer 

2. Vector notation of equivalent network for waveguide 
was proposed as in Fig.a(c). Then, whole equivalent 
network for step discontinuity is given by Fig.l(c). 

These conclusion are consistent with conventional re- 
s u l t ~ ~ J , ~  and help to understand mode behavior at step. 
Finally, equivalent network for various H-plane 
waveguide circuit are derived in Fig.5 as example. 
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(b) Convergence of phase and amplitude (solid line at port1 and dotted line at port2) 
Fig.4 Calculated results and convergence behavior with mode for step diFontinuity 

(W,=20mm, W’=lOmm, d=5mm, center connection, specified frequency : 20GHz) 
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(c) Impedance transformer 
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(U )  Symmetric/Asymmetric step (6) Inductive window 
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(d) power divider (e) waveguide coupled cavity (f) s t e ~  discontinuitv with different dielectric 
Fig.5 Various H-plane rectangular waveguide circuit with equivalent netwoik representation 
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