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Abstract 

 In this paper, the generalized concept of Sono's independent goods is presented. 

This paper makes it clear that this concept is mathematically equivalent to the strong 

separability in demand analysis and discusses its application for the aggregation 

problem. Main conclusion is that, if we would discuss some economic problem by 
means of an additive separable utility function, it is enough for us to employ the 

independent goods with respect to a partition of goods.

Introduction 

 This paper deals with the relationship between the concept of separability 

and the independent goods, of which the latter was made research by 

Sono(8). As is well-known, Hicks(4) had an argument about a theory of 

groups of commodities, in chapter 2 of his principal book, to get an answer 

for aggregation problem. Sono(8) and Leontief(5) showed in their respec-

tive ways some conditions for the possibility of demand aggregation such 

that the aggregation function or the market demand function must satisfy, 

introducing a notion of the independent goods and the concept of sep-

arability. 

 One side, a more sophisticated definition of separability in term of 

utility function was given by Goldman and Uzawa(2). They formulated it 

in term of an individual utility function and clarified its relation to the 

form of the utility function. 

 In this paper, we shall define a generalized concept of independent goods 

and consider its connection with the separability and the aggregation of 

commodities. The plan of this paper is as follows. In section 1, we shall
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consider the relationship between the separability and the Sono's inde-

pendent goods in term of utility function. In there, it will be shown that 

the Sono's independent goods implies the "weak" separability in the sense 

of Goldman and Uzawa(2). Section 2 deals with the generalized concept 

of the independent goods and its equivalent property to the "strong" 

separability. In section 3, some discussions on the generalized independent 

goods in the aggregation problem are presented. Section 4 is a concluding 

remark.

I. WE ARE CONCERNED with a finite number of commodities which 

will be labelled i = 1, 2, 3, ..., n. The set of all n commodities will be 

denoted by N. Let (Nr, N3, Nt) be a partition of the set N and they hold the 

following conditions such that 

Nr U N$ U Nt = N, NA (1 N, is empty for all 2 x (A,,v = r, s, t) 

 We assume that a utility function of some individual U(x) defined on the 

commodity space is continuously twice-differentiable and has a positive 

marginal utility everywhere. We further assume that each indifference 

surface may be connected by a differentiable path and convex toward the 

origin. 

 Definition 1 (Strong separability) : The utility function U(x) is called 
 "strongly separable" with respect to a partition (Nr, N3, Nt) if U(x) 

fulfilles the following conditions such that 

          a  
              (..giL)= 0, for all iENr, jENS, kENt .... (1) 

                  f 

   where U= stands for the partial derivative of U(x) with respect to xi, 

   and x, is the quantity of i-th good as same follows.
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  Definition 2 (Weak separability) : The utility function U(x) is called 
    "weak separable" with 

respect to a partition (Nr, N3, Nt) if U(x) ful-
    filled the following conditions such that 

a U; =0,for all i,jENA,kON,iA =s,t) 2     axkj,r(>) .... () U, 

The above definition have a same sort of characteristic of those which were 

given by Goldman and Uzawa(2). Obviously, the strong separability de-

fined in the formula(1) is a peculiar case defined in the formula(2) . It is not-
ed that the definition of the strong separability needs than three goods

, 
because the each subset Nr, N3, Nt of N must be non-empty. 

  Now, it is in our knowledge that the following assertions are concluded 

that 

  1. If the utility function U(x) satisfied the conditions given by def. 1, 
    then U(x) is of the form such that 

   U(x) = F(Ur(xr) + Us(xs) + Ut (xt))....... (3) 

 2. If the utility function U(x) satisfied the conditions given by def. 2, 
   then U(x) is of the form such that 

   U(x) = G(Ur(xr), Us(xs), Ut (xt))........ (4) 

    provided that xr, xs, xt are sub-vectors of x such that xr = (x,), 

iENr and so on. And F(.) is a monotone increasing function of one 

   variable and G(.) is of three variables. (For investigating closely, 
    see Goldman and Uzawa(2).) 

Definition 3: Let Nr = (1, 2), Ns U Nt = (3, 4, . . ., n) be a partition of 
   the set N. Good 1 and good 2 are also called "independer of Ns U 
   N, i f the utility function U(x) fulfilled the conditions with respect to
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  a partition (Nr, Ns, N1) such that 

   a (U'a(u,) 
axl Uk  = axa Uk ok(xi, x2), for all 1, kENr, i, JENs U Nt (5)    U

EU • 
UkUk 

 The formula(5) merely expands Sono's definition of the independent 

goods into the case of two goods x1, x2. (For in detail, see Morishima(6), 

p.94.) It implies that the percentage rates of change of the marginal rate of 
substitution of goods x1, x2 for all goods in Ns U Nt are equal and also 

only dependent of the quantity of goods x1, x2. 

 Now, it is easily seen that the following theorem can be directly derived 

from def. 2 and def. 3. 

 Theorem 1: In the case where a partition of goods can be reduced to two 

   groups of goods which each must be non-empty, then the independent. 

   goods imply the weak separability. 
Proof: By a simple calculus, we can show that the formula(5) yields the 

   formula(2) 

   0 = LI(L.-----(i  a—i_U3U
kaxkU;Uk axk Uk 

Uk  (U1kU; -- U: U1k) a  U1)(Q .E. D 
U? Ukaxk U1 

  We have known that if the utility function U(x) fulfilled the condition of 

def. 3, then U(x) is of the form 

   U(x) = F(u1(xi, x2) + u2(x3, x4, ... , xn)) ........ (6) 

where u1 corresponds Ur in the formula (3) and u2 does Uq which is defined 

on the reunified set of goods Ng = Ns U Nt. (See Morishima(6), p.95.) 
  The functional form of those formulae (3) and (6) are called "an additive
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separable utility function" , and the additive separable utility function is 
equivalent to the strong separability given by def. 1. (See Goldman and 
Uzawa(2)) 

 But, in Goldman and Uzawa(2) , the definition of the strong separability 
needs more than three goods, because each partition N

r, N5, Nt must be 
non-empty. So, if we would employ the assumption of the independent 

goods on the consumers preference, even in the case of two goods , we are 
able to use the additive separable utility function for economic analyses

. 
 In the next section, we shall define the generalized concept of independent 

goods with respect to a partition (N,., N5, Nt) and make it clear that the 

generalized independent goods is equivalent to the strong separability .

 2. WE SHALL GENERALIZE Sono's notion of the independent goods 

as follows. 

 Definition 4: Let (Nr, N5. Nt) be a partition of the set N. Then, these 
   subsets Nr, N5, Nt are called "independent with one another" if the 

  utility function U(x) fulfilled the following conditions with respect to a 

  partition (Nr, N3, Nt) such that

a (EL. 
ax, ^ U

Ul 

a Uk 
ax; Um

  a Uk 

-- ax=Ul — 
    Uk 

Ul 

 a (IL . 
ax~ U,,, -

(Ixr), for all i, I ENr j, keN5UW1Vt, j � k . (7)

  Uk 
 Um 

a Ui  
axk Up 

Ut  

  Up

_Ui 
Um 

a Luj ...) 
aX Up

= 87(xs), for all], mEN5, i, keNt U Nr, k 0 i

Up

(8)

= O (x't), for all k, PENtsi, jENs U Nr, i 0j (9)
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where O (xr) is a function of a subvector xr = (xi), iENr. 07(xs) and 

8pk(xt) also have a same sort of characteristic of O (xr). 

 The formula(7) implies that the percentage rate of change of the marginal 

rate of substitution of good x1 in Nr for x; and xk in N$ U Nt are equal with 

respect to the change of quantity of xi and only dependent on the quantity 

of components of the subvector xr. The same statement can be said about 

eachgroup of goods NS and Nt. Therefore, as we have seen, these formulae 

(7),  (8) and (9) naturally expand Sono's notion of the independent goods. 

Thus, we have a following theorem. 

  Theorem 2: Let (Nr, N3, Nt) be a partition of the set N. These non-empty 

    subsets Nr, Ns and Nt are independent with one another if, and only 

   if, U(x) is strongly separable with respect to a partition (Nr, Ns, Nt). 

Proof: From the definition 1, we have

a Ui = 0 , for all iENr, jeN3, keNt a
xk U;

Therefore, we can get the following calculus such that 

a Ui _ U p Ui k Ui — Ui U1k _ U p Up(Ui k U; — UiUJk)  
   axk U; U2 •U2                U;U p 

Up U; UikUpt — Ui Upk _ Ui U;k Up-- UjUpk  
U, tfp UUp U 

Up( U1 a  Ui U,  a  U; —0 ......(10) 
             U, Up•axk UpUpaxk U p 

Obviously, the formula(10) is mathematically equivalent to the left-hand 

side of the formula(9). By exchanging indices of other group of goods, we 

can show that the formula(1) yields the left-hand side of formulas(7) and 

(8). Furthermore, it is self-evident from the definition of the strong se-

parability that the left-hand side of the formula(9) is only dependent on
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xt in Nt. (Q.E.D.)

 3. THE STUDIES ON THE SEPARABILITY have been based on the 

purpose in giving an answer to the aggregation problem. In this section , 
we shall sum up the main point of the relationship between the independent 

goods and the aggregation problem. We shall begin to make a note of the 

aggregation problem in the case of macro-production function . 

 The macro-production function of an economy shall be given the follow -

ing form;

Y — F(X, Z)...... (11) 

where Y is a total or social output level, X is a total capital input level and 
Z is a total labor input level. 

  Let's assume an economy in which there are m numbers firms. The i-th 
firm produces one product by inputting x, as capital goods and z

i as labor 
services. The production function of the i-th firm is represented as follow; 

    .yi = f (xi , z1) = f =(xi 1, X12, • . ., x= 2'11, « . ., Zit)...... (12) 

where xi and z= are vectors . That is to say, the i-th firm is to be assumed 

to employ r heterogeneous capital goods and t heterogeneous labor services. 
 Then, the aggregation problem is a problem that what conditions ensure 

us to make a social output level Y and input level X and Z from the in-

dividual firm's input-output turple (ye, xi, z=), when we have the idea that 
the macro-parameter I , X and Z are based on the decision making of each 

individual firm. 

 A solution for the problem is to assume that the aggregation functions 

exist and are of the form.

X --„ i1(x11, X12, . . ., x1r, X21, X22, . . ., xml, . . ., Xmr)
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  Y = ?2(y1, Y25 ..., Yi, ..., Ym)............ (13) 

    Z = T3(Z11, Z12, . . ., Zit, Z215 Z22, . . ., Zm15 ..., Zmt) 

Then Morishima(6) refined some characteristics which those aggregation 

functions ?1, T2 and ?3 should be satisfied. These characteristics are to be 

in below forms.

dxik 
dxi j

a1 

   .....__axi,  
ar. 
axik 

aT3 
azi r  ^
ar3 
azih 

ar3

for all ie (1, ..., m), k, jE(1, ..., r)

dzi h 
dzi'

for all ie(1, ..., m), h, lE(1, ..., t)

dyi 
dzi i 

dyf  
dfh 

dyi  

dxi1 _ 
dyf  

dxfk

aw2

azil .ayf  
af3af2  

aZfh aYi 

air' ayr2 

axi, . ayf  
af1 ay,-2 
ax fk aYi

for all i, f E(1, ..., m) 

  all h, 1E(1, ..., t)

for all i, fe(l, ..., m) 

all j, ke(1, ..., r)

...... (14)

...... (15)

...... (16)

...... (17)

 These above formulae(14)—(17) are called "Klein's conditions" by Mori-

shima(6). (1) These imply that the formula(14) is a condition which the 

quantity of the capital good X does not change when a firm substitutes a 

capital good Xik for xi1. The formula(15) has a same sort for labor inputs. 

The formula(16) implies that a social output level Y does not change when 

a labor services are transferred from i-th firm to f-th firm, provied that 

Z is constant.(17) is in the case of capital goods. 

  It has been an assertion that these conditions are necessary for the 

possibility of the construction of macro-parameter X, Y and Z from micro-

(1) The following contexts in this section are essentially depend on Morishima (6).
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variables xi, y, and zi . But, these Klein's conditions implicitly assume that 

the production function of i-th firm satisfies the weak 
separability w.r.t 

a partition of inputs (xi , zi). We can briefly confirm this point . The formula 
(13) tells us that the right-hand side of the formula(14) is a function of 

variables (x11, x12, ..., x1r, x21, ..., x2r, ..., xna, .., xmr)• The left-hand 
side of (14) represents a marginal rate of substitution of i

nputs k and j 
which is a function of (xi1, xi2, ..., xi,.). Therefore, we know a following 
characteristic of the production function of the i-th firm .

a  
azi,

afi 
axi;
afi 

axi k)=o
for all iE (1, ..., in) 

all j, kE(1, ..., r) 

  all ZE(1, ..., t)

........ (18)

Similarly, we can get the below from the formulae(13) and (15).

a (ax1afi 
azi,
afi 

azi h

=o

for all h, le(1, ..., t) 

all ie(1,...,m) 

   all je(1, ..., r)

........ (19)

  These characteristics (18) and (19) are equivalent to the weak sepa
rability 

of the production function fi w.r.t a partition of capital goods and labor 

services. Namely, we are able to have a corollary from the above c
onsider-

ation and theorem 1 in section 2. 

  Corollary: The independency with respect to a partition of capital 
goods 
          and lavor services is necessary for the Klein's condition . (2) 

 The studies on the theory of groups of commodities in Hicks(4) als
o 

have an aspect of the aggregation problem . In close of this section, we shall 
point out the independency in the theory of groups of commodities . Let's
  The term of the independence represents that any capital good and l

abor 

                 •

are independent goods w.r.t a partition of (x;, z,),
service
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quote the production function (12) and omit the firm index i for simplicity. 

    y = f(X1, X2, ..., Xr, Z1, Z2, • . ., Zt) ......(20) 

 Hicks(4) had argued the possibility to form a pseudo-good of the group 

of heterogeneous goods. That is to say, in our framework, the main part of 

Hicks' argument is to assume the existence of the function such that 

1 = e1(x1, X2, ..., Xi, . . ., Xr) 

2 = 2(2.1, 2.2, • .. , Z j, . . . , Zt) 

where el and e2 stand for the quantity of pseudo-good. Then, the production 

function may be reduced to the below form. 

y = f(x1, ... , xr, z1, . • . , zt) = F(e1, 2) 

  In Morishima (6), some assumptions which enable us to consider the 

pseudo-good have been prepared. The mains of those assumptions are; 

[A-1]: The production function is weakly separable w.r.t a partition of 

(x1...,xr) and (z1..., zt). 

[A-2] : 

      of 
     a ax= = 0 for all i E(2, 3, ... , r), and a

x1 of 
         ax, 

of 
a az; = 0 for all jE(2, 3, ... , t) a
Z; of 

az1 

 Let's consider a following formula. 

        of 

   t 

     axkdx
k...... (21) dx1 +

2 of 
ax1 )
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The formula (21) is a normalization of an exchange of output level d
erived 

from a small exchange of capital goods in term of the marginal 
productivity 

of good 1. Then, it is obvious from the weak separability assumpti
on [A-1] 

that the formula (21) is only dependent on x = (x
1 , , ,x,.). Next, we 

can get the formula (22) from [A-21. (3) 

a of a of 
   ax1 ax1  

2= ax1ax for all iE...r   afaf(,)..........(22) 

ax1 ax. 

Therefore, we have the below." 

   of ------- ofa2ff
or all i             OJ.......... 23 ax

;•ax1ax;_ax;•ax,ax,() 

Because the formula (21) is of the form of total difference and the fo
rmula 

(23) ensures us the integrability of it, we are able to get the following 

form.

of 

      dx1 + axk,dxb=1(xlx2 , •... , x    aft) 
ax, 

That is to say, we can regard e1 as a quantity of pseudo -good and apply 

the same discussion to the case of labor services z -- (z1, .. • , zr). 
 In the above consideration , the weak separability has been in an impor-

tant role. In other words , the independence w. r. t a partition x and z is to 
be very significant.

(3) We can get the formula (22) straightforwardly by a simple calculus, i.e.       of of  a2f o 
f a2 f      a a

x, _ax,'ax,ax, ax,'axa _ o   3x, of of 
    ax, ax,
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 4. IN THE ABOVE SECTIONS, it is showed that the independent goods 

is a sufficient condition for the weak and strong separability. The additive 

separable function have been an important role in many fields of economic 

theory. For instance, Negishi (7) showed that a sufficient condition for the 

neutrality of money was that an individual utility function should be an 

additive separable with respect to a partition of monoy and other goods. 

 Similarly, in the context of the aggregation problem, Klein's condition 

implicitly contains an assumption of the additive separability of production 

function. 

 These contexts inform us that if we would use an additive separable 

utility function to research into some economic problem, then, even in the 

case of two goods, it is enough for us to assume the independence condition 

with respect to a partition of commodities.
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