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Abstract

The reliability assessment of the project duration is one of the most important parts in
the process of the project management, which has prompted many effective methods to
be developed to assess the possibility of project duration meeting the target duration.

The program evaluation and review technique (PERT) is usually used to assess the
reliability of the project duration. Most of the existing studies on the reliability analysis
of the project duration prepared by PERT assumed that the project duration is subject to
a normal distribution. However, in actual projects, the distribution of the total project
duration is usually unknown. To address this issue, a flexible distribution is utilized to
represent the distribution of the total construction duration. In the proposed method, the
cubic normal distribution which determined by its first four moments (mean, standard
deviation, skewness, and kurtosis) was adopted to fit the distribution of the total
construction duration. After obtaining its cubic normal distribution, a more rational
reliability analysis of the total construction duration was conducted. Through a practical
engineering case, it is proved that the proposed method is more accurate and efficient.

Most previous studies have only considered one critical path when evaluating the
reliability of the project duration. And the evaluation results yielded by these methods
are often inaccurate; mainly because they disregard the correlation between network
paths, which has been proven to significantly affects the reliability of the project
duration. Therefore, to consider the influence of all network paths, many methods have
been proposed to evaluate the reliability of project duration. However, existing methods
require finding the representative paths and complex calculations of mutual correlation
coefficients between each pair of paths and the joint failure probability of each pair of
representative paths. In this thesis, efficient and effective methods for assessing the
reliability of project duration based on the method of moments is proposed, which
utilizes bivariate-dimension reduction technology, third-order moment reliability index
and fourth-moment transformation. The proposed methods can overcome the extensive
calculations of various factors in the commonly used methods: the correlation
coefficients between each pair of paths and the joint failure probability of each pair of
representative paths. From numerical examples, it can be concluded that the proposed
method can achieve nearly the same results as Monte Carlo simulations with less ;
calculation.



CHAPTER 1

Introduction

1.1 Background

The reliability assessment of the project duration is one of the most important parts in the process of
the project management, especially for those projects which consider project time as targets.
Delivering project on-time or not has a lot to do with the profits of the participants. This has
prompted many effective methods to be developed to assess the possibility of project duration
meeting the target duration.

The critical path method (CPM) has been popularly used to assess project duration for decades
[1-4]. The CPM assumes each activity duration of the project as a deterministic value, while in
practice, the duration of each activity in a project is affected by many external factors (like weather,
site condition and productivity) and is uncertain [5-6]. To deal with this problem, Program
Evaluation and Review Technique (PERT) [7-8] was developed in 1959. The activity duration in
PERT was regarded as a random variable, and the three-time estimation was used to establish an
estimation model of project activity duration. Since then, it has become a common tool for
reliability assessment of project duration. Most of the existing studies on the reliability analysis of
the project duration prepared by PERT assumed that the project duration is subject to a normal
distribution. However, in actual projects, the distribution of the total project duration is usually
unknown.

Another important issue is that most previous studies have only considered one critical path when
evaluating the reliability of the project duration. And the evaluation results yielded by these
methods are often inaccurate [9-12]; mainly because they disregard the correlation between network
paths, which has been proven to significantly affects the reliability of the project duration [4,13].
Therefore, researchers have recently focused on considering the impact of all the network paths
when assessing the reliability of the project duration. Several probabilistic scheduling methods,
such as narrow reliability bounds (NRB) [13-15], the Monte Carlo simulation (MCS) [16-21], and
simplified Monte Carlo simulation (SMCS) [10], have been proposed. However, existing methods
require finding the representative paths and complex calculations of mutual correlation coefficients

between each pair of paths and the joint failure probability of each pair of representative paths.

1



Meanwhile, in traditional methods for reliability evaluation of project duration, it is assumed that
the durations of individual activities are independent. In real situations, however, factors such as
weather, site conditions, and design changes can affect the duration of project activities. These
factors usually affect multiple activities on a particular project and may cause the activity duration
to be correlated [22]. Traditional methods will not capture the correlation that may exist between the
durations of different activities in a project network.

Therefore, accuracy and effective methods for reliability assessment of project duration must be

developed.

1.2 Objective

This study aims to solve three main problems:

Firstly, the shortcomings of the existing Program Evaluation and Review Technique (PERT) will
be solved. A flexible distribution would be utilized to represent the distribution of the total
construction duration. In the proposed method, the cubic normal distribution which determined by
its first four moments (mean, standard deviation, skewness, and kurtosis) will be adopted to fit the
distribution of the total construction duration. After obtaining its cubic normal distribution, a more
rational reliability analysis of the total construction duration can be conducted. And the proposed
method will be more accurate and efficient than PERT.

Secondly, considering the impact of all the network paths a simple and effective method for
evaluating the reliability of the project duration based on the method of moments will be proposed.
The proposed method does not have to assume the distribution of the project duration and calculate
the mutual correlation coefficients between each pair of paths and the joint failure probability of
each pair of representative paths.

Thirdly, a Monte Carlo Simulation (MCS) based on fourth-moment transformation technique for
reliability assessment method of project duration will be proposed to deal with the correlation

problem that may exist between the durations of different activities in a project network.
1.3 Organization

The background was introduced in Chapter 1.

The thesis consisted of three parts: (1) reliability analysis of project duration considering key path
(Chapter 2), (2) reliability assessment of the project duration considering all paths (Chapter 3), (3)
reliability evaluation of project duration considering activity correlation (Chapter 4). In Chapter 2,
the cubic normal distribution which determined by its first four moments (mean, standard deviation,

skewness, and kurtosis) was utilized to represent the distribution of the total construction duration.
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In Chapter 3, an efficient and effective method for assessing the reliability of project duration based
on the method of moments is proposed, which utilizes bivariate-dimension reduction technology
and third-order moment reliability index. In Chapter 4, a Monte Carlo simulation (MCS) based on

fourth-moment transformation technique for reliability assessment method of project duration is
J

proposed.

In the last Chapter, the significant innovations in Chapter 2 to 4 were summarized.

Chapter 2
Reliability analysis of project duration considering

key path

Chapter 3
Reliability assessment of the project duration

considering all paths

Chapter 4
Reliability ailalysis of project duration under the

influence of single risk factor

Chapter 5

Reliability evaluation of project duration considering

activity correlation

REFERENCES

[1] Nasir, D., McCabe, B., & Hartono, L. (2003). Evaluating risk in project duration model

3



(ERIC-S): project duration risk model, Journal of Construction Engineering and Management,
129(5), 518-527. ’

[2] Mo, J., Yin, Y., & Gao, M. (2008). State of the art of correlation—based models of project
scheduling networks, IEEE Transactions on Engineering Management, 55(2), 349-3358.

[3] Okmen, O., & Oztas, A. (2008). Construction project network evaluation with correlated
schedule risk analysis model, Journal of Construction Engineering and Management, 134(1),
49-63.

[4] Jun, D. H., & El-Rayes, K. (2011). Fast and accurate risk evaluation for scheduling large-scale
construction projects. Journal of Computing in Civil Engineering, 25(5), 407-417.

[5] Yang, I. T. (2005). Impact of budget uncertainty on project time-cost trade off, IEEE
Transactions on Engineering Management, 52(2); 167-174.

[6] Yang, I. T.; Lin, Y. C.; Lee, Y. C. (2014). Use of support vector regression to improve
computational efficiency of stochastic time-cost trade-off, Journal of Construction Engineering
and Management, 140(1), 04013036.

[7] Malcolm, D. G., Roseboom, J. H., Clark, C. E., and Fazar, W. (1959). Application of a technique
for research and development program evaluation. Operations. Research, 7(5), 646—669.

[8] Kerzner, H. (2009). Project management: A systems approach to planning, scheduling, and 426
controlling. Wiley, Hoboken, NJ.

[9] Ahuja, H. N., Dozzi, S. P. and AbouRizk, S. M.: Project management: Techniques in planning

| and controlling construction projects, Wiley, New York, 1994.

[10] Diaz, C. F. and Hadipriono, F. C.: Nondeterministic networking methods, Journal of

- Construction Engineering and Management, 119(1), 40-57, 1993,

[11] Halpin, D. W. and Riggs, L. S.: Planning and analysis of construction operations, Wiley, New
York, 1992.3. ,

[12] Slyke, R. M. V.: Monte Carlo methods and the PERT problem, Operations Research, 11(5),
839-860,1963.

[13]Li, C. Q., Zhang, G. and Hosseinian, M.: A fast and accurate method to predict reliability of
project completion time, Journal of Civil Engineering and Management, 23(1), 37—46, 2016.

[14] Ditlevsen, O. (1979). Narrow reliability bounds for structural systems. Journal of Structural
Mechanics, 7(4), 453472.

[15] Rackwitz, R. (2001). Reliability analysis - a review and some perspectives. Structural Safety,
23(4), 365-395.

[16] Diaz, C. F. (1989). Probabilistic network analyses for construction projects. M.S. thesis, Ohio
State Univ., Columbus, OH.

[17] Diaz, C. F., & Hadipriono, F. C. (1993). Nondeterministic networking methods. Journal of
Construction Engineering and Management, 119(1), 40-57.

4



[18] Lee, D., & Arditi, D. (2006). Automated statistical analysis in stochastic project scheduling
simulation. Journal of Construction Engineering and Management, 132(3),268-277.

[19]Lu, M., & AbouRizk, S. M. (2000). Simplified CPM/PERT simulation model. Journal of
Constfuctz'on Engineering and Management, 126(3), 219-226.

[20] Sculli, D. (1989). A simulation solution to the PERT problem. IMA Journal of Management
Mathematics, 2(3), 255-265.

[21] Slyke, R. M. V. (1963). Monte Carlo methods and the PERT problem. Operations Research,
11(5), 839-860.

[22] Padilla, E. M., and Carr, R. I. Resource strategies for dynamic project management. Journal of
Construction Engineering and Management, ASCE, 117(2), 279-293, 1991.

List of publications

Referred papers

[1] Lu Ren, Haizhong Zhang, Pei-Pei Li and Yan-Gang Zhao. Reliability evaluation of project
completion time using fourth-moment normal transformation. J. Struct. Engrg. ALJ, 2021, 67B.
(accepted) '

[2] Lu Ren, Pei-Pei Li and Yan-Gang Zhao. An efficient and effective method for reliability
assessment of project. Quality Technology & Quantitative Management, 2020. (Under review)

International conference paper

[3] Lu Ren, Haizhong Zhang, Pei-Pei Li and Yan-Gang Zhao: Reliability assessment of project -
duration based on cubic normal transformation, The International Engineering Mechanics
Forum (IEMForum 2020), Feb. 22-25, 2021, Yokohama, Japan.

[4] Lu Ren and Yan-Gang Zhao: Reliability analysis of total activity duration in PERT using cubic
normal distribution, 7% International Symposium on Reliability Engineering and Risk
Management (ISRERM2020), Nov. 12-14, 2020, Beijing, China.

[5] Lu Ren and Yan-Gang Zhao: Reliability analysis of total construction duration based on cubic
normal distribution, Infernational Symposium on Reliability of Multi-disciplinary Engineering
Systems under Uncertainty (ISRMES2019), Dec. 8-11, 2019, Taipei, China.

[6] Lu Ren and Yan-Gang Zhao: Reliability analysis of project duration plan based on BIM, 21”’
International Conference on Application of Probability and Statistics in Civil Engineering
(ICAPSCE 2019), Mar. 14-15, 2019, London, United Kingdom.



Domestic conference paper

(7] Lu. Ren and Yan-Gang Zhao : A simple method to evaluate reliability of the project completion
time, J. Struct. Constr. Engrg. AILJ, 2020, 13-14.

[8] Lu Ren and Yan-Gang Zhao : Reliability analysis of project duration plan based on cubic normal
transformation, J. Struct. Constr. Engrg. ALJ, 2019, 63-64.

[9] Lu. Ren and Yan-Gang : Construction Monitoring of Bridge Structure Based on BIM, J. Struct.
Constr. Engrg. ALJ,2018, 97-98. '



CHAPTER 2

Reliability ‘analysis of project duration considering key path |

2.1 Introduction

Building Information Modeling (BIM) is a recognized advanced technology that enhances the
effectiveness and efficiency of projects in the construction, engineering, and construction industries
[1]. For the project, the total construction duration is directly linked to the cost, so that the
evaluation of the reliability of it is particularly important for the entire project. Program evaluation
and review technique (PERT) is one of the most commonly and classically used tools in project
management of project duration plan since its appearance in 1959 [2-3]. It assumed that the total
construction duration is subject to a normal distribution to evaluate its reliability [4]. However, in
actual, the distribution of the total construction duration is uncertain. Therefore, the reliability
prediction result given by PERT is not reasonable. This chapter utilized cubic normal distribution to
represent the distribution of the total construction duration. The i)roposed method is as follows:
firstly, building the BIM model of the project and integrating the original construction duration with
BIM model; secondly, formulating the reliability model of total construction duration; thirdly, using
cubic normal distribution (determined by its first four moments, mean, standard deviation, skewness,
and kurtosis) to fit the distribution of the total construction duration and conducting the reliability
analysis of it. After obtaining its four-parameter distribution, a more rational reliability analysis of
the total construction duration was conducted. Through case analysis, it is proved that this method

1is more accurate and efficient.

2.2 Formulating the reliability model of total construction duration

Due to the characteristics of the construction project, it should guarantee the reliability of the
construction duration, the possibility of safe construction, the controllable degree of cost and the
quality required to meet the requirements of the specification [5-8]. In order to assess the reliability

of the project duration, an effective reliability analysis model is proposed in this section.

2.2.1 Assumptions of the reliability model



Based on the existing design information, establish a BIM model, integrate it with project durations.
The project duration has its own specific calculationvprinciples and methods, usually obtained using
PERT. The PERT model in this paper was developed using assumptions similarly to the traditional
PERT method, as follows:
Assumption 1
The probability of the duration of the activity is using the beta distribution to represent, which
“can be determined using three times estimate: the most optimistic time a, the most pessimistic time
b and the most probable time m. The optimistic time a and pessimistic time b represent the extreme
values of the probability distribution (ie 0 and 100%), the most likely time is m. Studies have shown
that the duration of many construction activities can be expressed in terms of beta distribution [9].
The beta distribution is defined over the (0,1) interval, through the affine transformation Y=a +
(b — a) X allows the beta distribution to be defined in any finite interval (a, b). The original PERT
obtains the calculation formula of the mean and variance of the construction duration by assuming
the parameters of the beta distribution p=4, g=4. However, in practice this assumption does not
necessarily hold. Therefore, in order to select a more reasonable beta distribution assumed that the
probability of m is k times of the probability of a and b. Then let pg = k* and y, = m, so that by
solving the equations pg = &* and (p-1)/(p+g-2) = (m-a)/(b-a), the values of p and g can be obtained.
Assumption 2
The activities in the network path are not correlated, the total construction duration is determined

by the key route of the project, which takes the longest time, as shown in Figure 2-1.

Figure 2-1. The arrow diagram

2.2.2 Reliability model of total construction duration

The performance function G of construction duration is defined as follows:
GX)=T, - x,
i=1 -1
where Ty, indicates the prescribed total planned duration, x; represents the duration of each sub-item
of the critical path. The formulas for calculating the first four moments of the total construction

duration are:
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The reliability analysis of the first four moments of the total construction period is carried out by

using the cubic normal distribution.

2.3 Reliability analysis of total construction duration

In the existing model that the distributions of random variables in project duration are assumed to
follow normal distribution. It is inappropriate to use normal distribution to deal with the random
variables in project duration, cause the distributions of random variables are generally unknown,
and in most cases, they do not obey normal distributions. While it is easy to obtain their first four
moments so that the cubic normal distribution is used in this study, which has a single expression
and can more effectively fit the histograms of available data than normal distribution [10].

For a random variable G, if its first four moments mean (u¢), standard deviation (ac), skewness
(ac), and kurtosis (as;) are known, the standardized random variable Gs can be expressed by the
cubic normal transformation: G;= (G-ug) / g, as follows [11]:

G, =S,(uM)=a,+au+au’ +au’ (2-6)

in which, G,is a standardized random variable, with the skewness and kurtosis are the same as those
of G, M is a vector denoting the first four moments of G, S,(u) is a third-order polynorhial of u, ©
and ¢ are the cumulative distribution function (CDF) and probability density function (PDF) of a
standard normal random variable u; a1, az, a3 and a4 are coefficients up to the first four moments of
the left side of Eq, (6) and it is equal to those of the right side [12]. Therefore, the inverse function
of the relationship between standard normal variable « and the standardized variable G, can then be
expressed as

u=S"G.,M) | -7
where the S denotes inverse function of S and the explicit expression of u are summarized in
Table 2-1 [13].

The parameters p, g, A, 6, J*1 R J*z and J, of Table 1 can be given as follows:
‘ p=3b= a*
9 (2-8)
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where parameters a and b are respectively defined as a= as/a, and b= ay/as. It can be seen from
Table 2-1 that there are six types in the cubic normal distribution, including unbounded
distributions (Types I and VI), unilaterally bounded distributions (Types I, III, and V), and a
bounded distribution (Type IV).

Table 2-1 Expressions of u

Parameters u Range of G Type
pZO —p/,3'Afp+3A—p—a/3 (a0, 0) I
;20 2—pcos(9/3)-a/3 J; <G<J,
I
-p/Ya-p+3fa-p-a/3 G2J,
a >0 o;; <0
! 3G ~pIJA-p+{A-p-al3 G<J!
11
-plJ-peos[(6-n)/3]-al3 Ji<G<dy
a, <0 —p/J—_pcos[(9+n)/3]—a/3 Jl' SGﬁJ; v
p<0 a3 >0
J1/4+(a3/a2)2 +a,Gylay -1/12 G2y
v
[2 273 <0
a; =0 W/ 4+(ay /@) +asG, lay -1/2 G
G = '
G, (—o0,0) VI
According to Eq. (3-6) the CDF and PDF are expressed as [14]: , :
F(G)=D(u) (2-13)

£G)= 7
o,Bau’ +2au+a,) (2-14)
* Substituting Eq. (6) with an explicit expression listed in Table. 2-1 into Eq. (2-13), one obtains

that

10









Figure 2-3 is along with the fitted PDF of tile normal distribution, whose mean value and
standard deviation are equal to those of the three times estimates data, and the fitted PDF of the
cubic normal distribution whose first four moments of G and coefficients are shown in Table 2-4. It
can be seen from Figure 2-3 that the cubic normal distribution fits the histogram much better than
the normal distribution. According to the cubic normal distribution, the corresponding failure
probability of 40 days of the total construcfion duration is 0.149. It shows that the planned total

duration of 40 days is reliable.
2.5 Conclusions

In this Chapter, a new computing model combined with PERT and cubic normal distribution is
proposed. It takes advantage of several methods proposed since the original PERT was introduced.
A real project was analyzed by comparing cubic normal distribution and normal distribution with
Monte Carlo simulation which illustrated that the use of this new proposed model can enable more

accurate reliability analysis of the total construction duration for the projects.
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CHAPTER 3

Reliability assessment of the project duration considering all paths

3.1 Introduction

The program evaluation and review technique (PERT) is usually used to assess the reliability of the
project duration [1-2]. However, this method often results in inaccurate results and underestimation
of the expected project duration [3-6], because only the critical path is considered and the influence
of the correlation between the network paths on the overall possibility of the project duration is
negiected [7-8]. Studies have proved that the correlation between the network paths is considerably
inﬂuential. |

Therefore, researchers have recently focused on considering the impact of all the network paths
when assessing the reliability of the project duration. Several probabilistic scheduling methods,
such as narrow reliability bounds (NRB) [8-10], the Monte Carlo simulation (MCS) [11-16], and
simplified Monte Carlo simulation (SMCS) [12], have been proposed.

MCS, which is known for its high accuracy, is commonly utilized as a traditional probabilistic
scheduling method in the construction industry [12-18] and has become a standard technique used
by project managers [19]. SMCS can provide similar results to those obtained using MCS; however,
a lower computational load is required [12]. Even though these simulation methods are popular for
project management in construction, they can only provide numerical solutions, parametric analysis
cannot be conducted.

To solve these problems, some studies tended to use analytical methods to assess the reliability of
project duration. However, for large-scale projects, the existing analysis method NRB requires
extensive calculations to assess the reliability of the project duration [8].

To overcome the shortcomings in NRB, recently, Li et al. [8] proposed a reliability assessment
method named fast and accurate reliability bounds (FARB) to simplify--and accelerate the
calculation in case of large-scale projects [8]. However, to employ this method, each path of the
project network should contain at least five activities; furthermore, the correlation coefficients
between each pair of paths and the joint failure probability of each pair of representative paths must
be calculated. |

Other reliability assessment methods, such as approximation methods [20-23], multivariate

methods [24], and fast and accurate risk evaluation (FARE) [7] also exhibit limitations. For example,
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the approximation method proposed by Ang et al. [20] produces optimistic results, whereas the
multivariate methods proposed by Anklesaria and Drezner [24] are only applicable to small
networks [8]. ,

To address those shortages described above, this study proposes an efficient and effective method
based on the method of moments to assess the reliability of the project duration. In this method, the
overall performance function with respect to the project duration is first established. Next,
bivariate-dimension reduction is used to evaluate the first three moments of the overall performance
function of the project duration. Finally, the reliability of the project duration is estimated using the
third-moment reliability index. The efficiency and accuracy of the proposed method are illustrated
using two numerical examples compared with the results obtained from the Monte Carlo simulation

method.

3.2 Previous review

Considering the influence of all network paths on the reliability assessmént of project duration, the
‘project network should be regarded as a series system [25]. For a series system with many paths, the
project duration being greater than the target duration is the union of all the possible failure paths.

- Pp, therefore, is the probability of occurrence of all the possible failure paths and is expressed as
P.=P(fiu f,u.Uf}) (3-1)

where f; denotes a possible failure path, indicating that the duration of path 7 is greater than the target
duration; and L denotes the number of paths in the project network.

For a project network, the reliability of the project duration can be estimated using
P =1-F, (3-2)

where Pg denotes the probability that the project can be completed within the specified target
duration.

The calculation of Px in Eq. (3-1) requires the computation of the joint failure probability of path
1 to path L, which is considered as quite complicated. To simplify this calculation, the NRB method
proposed by Ditlevsen [é] can be used to express the upper and lower bounds of Pr. According to

Eq. (3-2), the upper and lower bounds of Ps can be obtained as follows

P =1—{P(,q)+iMax[o,P(];)—§P(ﬁ mfj)}} . (3-3a)

i=2 Jj=1

P :1—{P(f1)+i[P(f,.)-—MaxP(ﬂ mfj)]} (3-3b)

i=2 J<
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where the subscripts UB and LB indicate the upper and lower bounds, respectively, and P(f;~f})
denotes the joint probability that the durations of paths i and j are greater than a target duration. The
network paths are sorted from 1 to L according to their decreasing importance; therefore, P(f;) >
P()>..>P(f),i=1, ..., L.

However, large-scale projects with many paths require excessive computations because the
reliability of the project duration estimated using Eqgs. (3-3a)—(3-3b) considers the upper and lower
bounds of P(f;~f)) for any pair of paths in the network [8].

To shorten the computational time of NRB, Li et al. [8] proposed the FARB method to reduce the
calculation by judging and truncating the insignificant paths. In this method, the insignificant paths
are truncated based on the principle proposed by Ang et al. [8,20]: the paths in the network with
high mean durations and high variances have a greater impact on the reliability of project
completion time; If the durations on multiple paths are highly correlated, these paths will be
replaced by the single representative path with the highest variance in each group of correlated
paths; paths with low correlation coefficients are considered independent and are grouped as other
representative paths.

‘According to Ang et al. [20], all the activities are assumed to be statistically independent, the
correlation coefficients between paths i and j can be obtained as follows \

2.0,

Py= (3-4)
‘ O".O'j -

where of, denotes the variance of the duration of each activity W.; z consists all the activities
coexisting in paths 7 and j; o; and o; are the standard deviation of the duration of path i and j,
respectively.

Then, the correlation coefficient p;; of paths i and j is compared with the correlation coefficient g
= (0.5, recommended by Ang et al. [20]. When p; > po, paths i and j are termed as dependent, and
the most significant path is selected as a representative path to represent these pairs of highly
correlated paths [8]. When pj; < o, paths i and j are termed as independent.

If paths i and j are independent and representative paths, the joint probability of any pair of f; and

f; can be described as

P(f;nf))= PP (3-5)

By combining Eq. (3-5) with Egs. (3-32)—(3-3b), the upper and lower bounds of Ps of the project

duration can be obtained as follows
L i-1
PSUB :I—{P(fl‘)+ZMaXl:O,P(ﬁ)—ZP(ﬁ)P(f;):|} (3-6a)
i=2 j=1
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R, =1—{P(f1)+i[P(ﬁ)—l\ggxP(}i)P(f;)]} (3-6b)

i=2
The duration' of each path is approximately to a normal distribution [8]. Subsequently, for
independent and representative paths, the probability of the project completion time being within

the target duration ¢ can be expressed as

PsU,,=1—{®(ﬂ1)+iMaX[O@(ﬁf)—i@(/i)@(ﬂj)]} 6w

i=2

L
r,~1-fo(a) So(s)-maxfo()o(s) | o
i=2 i
where @(¢) denotes the cumulative distribution function of a standard normal variable N (0,1), and
P denotes the reliability index of project duration for path i, which can be expressed as [8]
;- /
:Hi =
c,

i

(3-8)
where y; denotes the mean of the duration of path i.
To obtain the g and o; for each path, the durations of all activities on each path have to be

determined. The duration of a project activity is affected by a variety of variable construction risks

and uncertainties [26-31], so that it should be regarded as a random variable. Therefore, the PERT

method is utilized to determine the mean (44) and variance (ai ) of the duration of each activity j,

as presented in Egs. (3-9) and (3-10)

A+
K= G99
2
t,—1
o’ =]t -
y,» [ 6 ] (3-10)

where t,, t;, and ¢, denote the optimistic, pessimistic, and most likely activity durations, respectively,
empirically estimated by the planner.

However, to use the FARB method, at least five activities are required on each path of the project
network. Furthermore, the correlation coefficient between each pair of paths and the joint failure
probability of each pair of representative paths need to be computed; these factors are considered
troublesome on the current methods of the project duration assessment. In order to successfully
deliver the project, the project manager needs to depend on the developed technology to achieve the
required efficiency and effectiveness [32-33]. Therefore, an efficient and effective method for

- reliability assessment of project duration must be developed.
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3.3 An efficient and effective reliability assessment method

This section proposes an overall performance function to reduce the computational complexity
incurred by the computation of the correlation coefficients between each pair of paths and the joint
failure probability between each pair of representative paths. Utilizing the first three moments of the
proposed performance function, the reliability of the project duration can be assessed by the
third-moment reliability method. The following sections describe the development of the proposed

method in more detail.
3.3.1 Establishment of overall performance function of the project duration

For the project network, each failure path f; can be determined by a performance function
g =g,(X)=r-T(X) [34], such that f =(g, <0), and the failure probability of the project
duration in Eq. (3-1) can be given as follows
P, =Problf,v f, V..U f]
= Probj(g,(X) < 0) (g, (X) <0),.., U (g, (X) <0)]
where ¢ is the target project duration, X = {x,, x2, ..., X,} indicates the vector of random variables,
and T; (X) denotes the duration of path i.

(3-11)

On the contrary, the reliability of the project duration is the probability that none of the L possible
failure paths will occur, that is, the intersection of all the complements of the L potential failure

- paths, which gives

P, = Prob[f,U f, UL f,] = Prob[f, 0\ f, .0 £, 1]

(3-12)
= Probl(g,(X)>0) M (g,(X) > 0) M..." (g, (X) > 0)]

- Eq. (3-12) means that the reliability of a project duration is the event that all the L performance
functions have to be larger than zero, that is the target duration {is larger than all the path durations

T¢(X), and it is equal to the event that the target duration ¢ is larger than the maximum of T(X). This

means
P, = Prob {t—max[T,(X),7,(X),.... T, (X)]] >0} | (3-13)
The corresponding failure probability of the project duration can be expressed as

P, = Prob{t —max[T;(X), T, (X),.... T,(X)] < 0} (3-14)

Thus, the overall state performance function of the project duration, G, can be expressed as

G(X) = t—max{T;(X), 5 (X),...T, (X)) 315)
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3.3.2 Assessment of the first few moments of the project duration performance

function

The computation of the reliability of project duration implicates the evaluation of the first three
moments of the project duration performance function. Using the point-estimate method in
independent standard normal space, the first three or four moments of the project duration

performance function G(X) can be estimated as follows [34-35]

,uG=Zf[PC,. (GIT™ (s o gy s ) |} (3-16)

2

2= T T2 AGT (s o h s ol = i |} (3-17)

i=1
3

a3Gag=Zf[Pa,{G[T-l (CRT——) EY (3-18)

i=1
4

a4Gaé=ZIEIIPa. {G[T'1 (“cv S 7S um,t)—,uG ]} (3-19)
i=] ~

where n denotes the dimension of random vector X; ¢ indicates the distinct combination of » items
from the group [1, 2, ..., m]; m denotes the number of estimating points; ci denotes the /th term of ¢;
u.; and P,; indicate the cith estimating points and the corresponding weights, respectively; ug, oo,
s, and oy denote the first four moments, i.e., mean, standard deviation, skewness, and kurtosis of
G(X), respectively, and 7 denotes the Rosenblatt transformation.

Utilizing Egs. (3-16)~(3-19), m" function evaluations are necessary to determine the project
completion time performance function G(X); at large values of n, the calculation becomes heavy.
Thus, the dimension reduction integration \[36] is adopted to simplify the calculation. Considering
the first four moments of G(X), the bivariate-dimension reduction method [36] is introduced. The

performance function G(X) can then be approximated by G*(X) as

GX)=G' X)=G[T"')=D.G,, ~(n- 2)2"; G, + (l"—%f—”ﬁco (3-20)
i<j i=1
where
Gy =Gy [ s T () T (14 )5 1 (3-21)
G, =G, thorees T ()53 P51 | (3-22)
Gy =G (Hyyees Mysonns By 1) (3-23)

where G;; denotes a two-dimensional function in terms of T 1(u,-) and T 1(uj), iLj=1,..,nandi< -

J; G; denotes a one-dimensional function of Tl(uij, and Gy denotes a constant; 1 (i = 1, ..., n)
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denote the mean value of random variables.
Note that G*(X) is represents a reduced integration, only one- and two-dimensional integrations
are required, as opposed to one N-dimensional integration in G(X), there is no need to calculate

partial derivatives [36]. Therefore, the kth raw moments of G(X) can be approximately formulated

as

me=E{[6(]}=£{{¢ (0] }=£{{cr W)’}
n (3-24)
=Y it~ (-3t + D G
where
Gt =[G (ttyperes Hppeees 1) | (3-25)
2 =[G s T () ettt ]} ()l | (3-26)
i =[G [ Moo T @) T7 @) ]}k¢ ()9 (u, ) dudu, (3-27)

and g (k= 1, 2, 3, 4) are the first four raw moments of the performance function G(X).
Utilizing the point-estimate method [35], the one-dimensional integral in Eq. (3-26) can be

approximated as

k

e =ip, {G [ £t T () 11} (3-28)

where m denotes the number of estimated points; #,=v2x, and P.=w, /Jz denote the estimated
points and corresponding weights, respectively, in which x, and w, are the abscissas and weights of
the Gauss—Hermite quadrature with weight function exp(—x2) [37].
Similarly, the two-dimensional integral in Eq. (3-27) can be estimated as
m m k
pho=>>PP, {Gi, e T ), T ) yn,t)]} (3-29)
n=l n=1
Based on the seven-point estimation (m = 7) of the standard normal distribution space, indicated

by Zhao and Ono [35], the values of u;;, (g =, r1, r2) and weight P, are obtained as follows

u, =—3.7504397, F, = 5.48269%10™* (3-30)
u, =—2.3667594, B, =3.07571x107 (3-31)
u,, =—1.1544054, P, =0.2401233 (3-32)
u, =0, P, =0.4571427 (3-33)

u,s =1.1544054, P, = 0.2401233 (3-34)
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u, =2.3667594, P, =3.07571x107? (3-35)

u, =3.7504397, P, =5.48269x10™ (3-36)

Finally, the first four moments (1, 06, g, and ay) of the performance function, described in

Eq. (3-15), can be estimated as follows

M = Hhe (3-37)

O =+ the = His - (3-38)

@6 = (/66 =3pbgie + 24“130)/ o (3-39)

% = (#46 — 4G th + 64t Hh; — 344G )/ o (3-40)

3.3.3 Estimating the reliability of the project duration
3.3.3.1 Estimating the reliability of the project duration using third-moment reliability index

After the first three central moments are obtained, the reliability of the project duration is estimated

using the formulas of third-moment reliability index (#m) proposed by Zhao and Ono [38]

Py = ) inp (4 Ly (42
b

JIn(4)

where fhm = uc / o denotes the second-reliability index, and the parameters u; and 4 can be
obtained by

A=1+21 (3-43)
Hy .
u, = Ya+b+a—b-—— (3-44)
124%6
111 1
I A S I N SN 3-45
¢ a3G (2 a32G) 2a32G aaG » ( )

When —1< &,; <1, the third-moment reliability index in Eq. (3-40) can be simplified as [34]

3 1
o= ===l ~sashp) (3-46)
’ 3G

The reliability of the project duration can be given as
P, =1-P. =1-0(-8,,) (3-47)

3.3.3.2 Estimating the reliability of the project duration using fourth-moment normal

22



transformation

After the first four central moments are obtained, the reliability of the project completion time can
be estirﬁated using the fourth-moment normal transformation.

For a random variable G, i.e., if its first four moments yg, oG, @6, and ey are known, the
standardized random variable G; can be expressed by the fourth-moment normal transformation as
follows [39]:

G, =(G-u) lo,=S,(W)=a +au+ay’ +ay’ (3-48)
where G; is a standardized random variable, with the skewness and kurtosis being the same asrthose
of G, S,(u) is a third-order polynomial of u, ay, a, a3, and a4 are coefficients calculated by setting
the first four moments of the left side of Eq. (3-48) equal to those of the right side. A detailed
solution process is available from the study of Zhao et. al. [40], which is listed in the Appendix.
Therefore, the inverse function of the relationship between the standard normal variable u and the
standardized variable Gscan be expressed as

u=8"(G.) | (3-49)
where S” denotes the inverse function of S, and the explicit expression of u are summarized in
Table 3-1 according to Zhao et al. [40].

Table 3-1 Complete monotonic expressions of u related to G

Parameters Range of G Expression of u Type
as<0 J, <G<J —2rcos[(@+m)/3]-al3 I
a>0 P<0 a_20 J<G<J, ~ 2rcos(@/3)—-al3 I
| G>J, f4+3yB-a/3
a, <0 J<G<J, —2rcos[(6-r)/3]-al3 m
G<J fa+3yB—-a/3
P>0 (—0,00) f4a+3YB-a/3 VI
as=0 o, #0 a+4a(0,+G)20  [-g +a +4a(a,+G)}/2a, VY
a,, =0 (—o0,0) Gs v

According to Table 3-1, the G-u transformation has six types, i.e., Type [, IL, III, IV, V and VI,
and each type has an applicable range of G. The values of u changing with G for the six types,
respectively. By eliminating the unsuitable values of u, the change of the specific values of # with G,
i.e., the G-u transformation, for each type is monotonic [40].

Subsequently, using Egs. (3-50)~(3-55), the parameters p, 7, 0, a, A, B, J; and J; of Table 3-1
can be obtained.

2
_ 3a,a, - a;

3-50
3 (3-50)
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3
A=@yedy, g=2L % g G gt G (3-51)
37 27 3 a, a,’  a
: -4 P
6= —), r=,[-% : 3-52
arccos(er) r 3 ( )
A=-L4E B=-2 & (3-53)
3

T =0.a,(-2r + 2217 —535— a)+ 1 | (3-54)

. 2a° ac
J, =c.a,(2r +—27—?—a)+ Hs (3-55)

According to Eq. (3-48) the CDF and PDF are expressed as [41]
F, (G,) = ®() (3-56)

£(G) = () (3-57)

o,(Bay’ +2au+a,)
Substituting Eq. (3-48) with an explicit expression of  listed in Table 3-1 into Eq. (3-56) yields
F(G)=0u)=0[S(G,)] (3-58)

Therefore, the reliability of G can be expressed as

Poy —1-aps (o] (3-59)

P.=1-P,=1-P[G<0]=1—F, (
T O O

3.4 Verification of the proposed method

In this section, three examples are considered to illustrate the efficiency and effectiveness of the
proposed methods. First, a simple project network with three paths is considered, in which the
performance function and its first three moments are expressed explicitly to present the algorithmic .
procedure in detail. In the second example, the proposed method is applied to an actual large-scale
road pavement project involving nine paths. Then the reliability of the project completion time is
estimated based on the third-moment reliability index. In the third example, an industrial building
project involving the construction of a single storey industrial building with an adjoining parking lot
is analyzed. And the reliability of the project completion time is estimated by the fourth-moment
normal transformation. Recent studies have shown that lognormal distribution is mote appropriate
for estimating the duration distribution of each activity [42-45], so that it is adopted in these two

examples.

3.4.1 Example 1: a simple project network
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In the first example, a simple project with three paths, as presented in Figure 3-1, is considered. The
mean and variance associated with the duration of each activity is presented in Table 3-2, and three
activity network paths are presented in Table 3-3. The target duration of this project is 70 d (d = in

days) in this example.

Figure 3-1. A considered simple project network

Table 3-2. Statistics of each activity duration (d)

~ Activity . Mean (z) Deviation (s%) Distribution
1 32 - 36.0 Lognormal
2 20 13.0 Lognormal
3 16 4.00 Lognormal
4 18 | 6.25 ~Lognormal
5 36 16.0 Lognormal

Table 3-3. Activity network paths for the simple projéct

Path Activities of each path
1 1,4
2 2,3,4
3 2,5

According to Eq. (3-15), the overall performance function with respect to the project duration can

be expressed as 4
G(X) =70—max[7;(X), 1,(X), (X)) (3-60)
Then, using bivariate-dimension reduction method, as shown in Eq. (3-20), the overall

performance function G(X) in Eq. (3-60) can be approximated as
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GX)=G' (X)=G[T"()]=).G, -325: G, +6G, ‘ (3-61)

i<j
where
G, =70-max[ X, +18,X, +36], G ,=70—max[X, +18,X,+38,56], |
G, =70-max[X, + X, X, +36,56], G =70—max[X,+18,54, X +20],
G,, =70—max[50, X, + X,+18, X, +36], G,, =70—max[ X, +32, X, + X,+16, X, +36],
G, = 7 —max(50, X, +34, X, + X,], G,, = 70— max[32+X,, 20+X, + X,,56],
G, s =70—-max[50, X,+38,20+ X], G, =70—max[32+X,, X,+36,20+ X,],
G, = 70— max[ X, +18, 56], G, = 70— max[X,+36, 50],
G, = 70—max[.X,+38, 56], G, =70 -max[X,+36, 56],

G, =70-max[X,+20, 54], G,=14.

Based on the statistical information of the random variables shown in Table 3-2, by using the
seven-point estimate given in Egs. (3-30)~(3-36), the corresponding original space estimating points

of these random variables can be obtained, as shown in Table 3.
Utilizing the original space estimating points indicated in Table 3-4 and Eq. (3-28), ,ulG1 can be

obtained as

s = i P {G1 [T () 1o 155 1 ,u5',70:|}=13.418 (3-62)

r=1

Table 3-4. Original space values of the random variable X; (d)

X Xi1 Xiz Xi3 ‘ Xi4 Xi5 Xi6 X7
Xi 15.663 20.257 25.378 31.452 38.980 48.833 63.156
X5 1.810 4.114 | 8.450 16.769 33.276 68.343 155.393

X; 6.165 8.667 11.682 15.522 20.625 27.800 39.084
Xa 4.798 7.652 11.519 17.004 25.102 37.787 60.269
Xs 6.693 12.044 20.151 32.897 53.706 89.860 161.697

Similarly, ,uéz R ,ué;3 s ,ué;q , and ,ule can also be obtained, which are listed in Table 3-5.
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Table 3-5. Results of 4 (d) -

Values Results of
i=1 13.418
i=2 12.357
i=3 13.057
i=4 12.206
i=5 9.480

Then, substituting the original space estimating points in Table 3-4 into Eq. (3-29), the value of

/ué;” can be calculated as

7 7
’ué'u = ZZ PrIPrz {GL2 [(T-1 (ulrl )’ T-1 (qu2 )9 Hys My s Hs ’70)]}
i (3-63)
=3 > PP, {70-max(T"'(u,) +18,77'(u,,, ) +36]} =11.577

r=1 =1

Similarly, ,u(l;_ (<)), (@i,j=1,...,5) can be obtained, which are shown in Table 3-6.

Furthermore, Gg , Gg, ,uéi , 4“63?,- , ,uéu (i<j) and yg.u_ (i< j)can also be computed in the

same way. Then, combining these values with Egs. (3-24)~(3-29), the first three raw moments of
G(X) in Eq. (3-47) can be obtained

. 5
Mg =D —3D pt +6G, =7.019 (3-64)
<s =
5
Ihe =DM 3D 1 +6G; =369.859 (3-65)
i<j i=1
5
o =D Ho =3D g +6G, =—2128.75 | ~ (3-66)
. i<j ’ = ‘

Table 3-6. Results of ,u(’gij (d

Values i=1 i=2 i=3 i=4
j=2 11.577

j=3 12.568 11.636

j=4 11.721 10.959 11.822

j=5 8.659 7.887 8.988 8.753

Substituting
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the values of g, t6c, and 156 into Eqs. (3-37)~(3-39), the first three moments (ug, 66, o3) can be

obtained as

H; = M =7.019 (3-67)
o= 1’#2(; - i, =17.905 (3-68)
lo 28 2(/136—3/.120/.11G+2;113G)/O'(3; =-1.607 (3-69)

In this case, because asg < -1, the third-moment reliability index of the project duration should

be calculated according to Eq. (3-41), which is given as

B, = =S8 %e) o 1 Pusy - 0613 (3-70)
U

JIn(1) :

Based on Eq. (3-47), the reliability of the project duration can be estimated as
P =1-P. =1-®(-4,,)=0.730 (3-71)

Table 3-7. Failure probability and reliability of the project duration (d)

Ho oG 3G Pg
Proposed method 5-18 17.905 -1.607 0.730
MCS / 0.734

Table 3-7 lists the failure probability and the reliability of the project duration obtained by using
the MCS with 1,000,000 samples and the proposed method.

One can see from Table 3-7 that the results obtained from the proposed method are nearly
identical to those obtained from using MCS. However, the proposed method can generate results
with only 1429 times, resulting in significantly less computation than that associated with MCS. In
addition, FARB is not- applicablé for such small project because the number of activities on each

path is less than five.
3.4.2 Example 2: a large-scale road pavement project network

In the second example, an actual large-scale road pavement project is considered, which was first

investigated by Brook et al. [46]. Figure 3-3 indicates the network diagram adopted in the project.
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Figure 3-3. Activity network of the large-scale road pavement project

The activities performed in this project, include paving 2.2 miles of road, constructing
appurtenant drainage structures, excavating to grade, placing macadam shoulders, erecting
guardrails, and landscaping; more detailed information has been presented by Guo et al. [23]. The
mean and standard deviation with respect to the duration of all activities in days are presented in

Table 3-8, and Table 3-9 presents all the paths and activities comprising the network plans.

Table 3-8. Statistical data of the duration of the activities (d)

Activity 7, o Distribution  Activity 7 o Distribution
1 0 0.0 Lognormal 15 90 4.50 Lognormal
2 2 0.5 Lognormal 16 6.0 2.00 Lognormal
3 5 1.0 Lognormal 17 2.0 0.50 Lognormal
4 6 1.5 Lognormal 18 7.0 1.73 Lognormal
5 3 0.5 Lognormal = 19 5.0 2.00 Lognormal
6 7 4.0 Lognormal 20 10.0 2.00 Lognormal -
7 10 2.0 Lognormal 21 7.0 3.31 Lognormal
8 3 1.0 Lognormal 22 6.0 1.50 Lognormal
9 7 1.5 Lognormal 23 10.0 4.50 Lognormal
10 5 20  Lognormal 24 60 150  Lognormal
1n 3 1.5 Lognormal 25 30 100  Lognormal
12 9 2.0 Lognormal 26 3.0 1.00 Lognormal
13 -5 1.5 Lognormal 27 5.0 1.50  Lognormal
14 3 0.5 Lognormal 28 0.0 0.00 Lognormal

29



Table 3-9. Activity network paths of the case project

Path Activities of each path
2,17,1,23,24,26,27
2,17,28,20,22,25,27
3,1,23,24,26,27

3, 28, 20, 22, 25,27
4,7,12,13, 18, 20, 22, 25, 27
5, 8,13, 18, 20, 22,25,27
5,9,14,19, 21, 23, 24, 26, 27
6, 10, 15, 19, 21, 23, 24, 26, 27
6, 11, 16, 19, 21, 23, 24, 26, 27

[S—

O 0 N N W R W

The overall performance function G(X) with respect to the project duration can be defined
according to Eq. (3-15) as

G(X) =t —max{T,(X), T, (X), T;(X). T, (X), Ty (30, T,(X), T, (X), T, (X), T, (X)] (3-72)
where

TX)=X,+ X, + X+ Xy + X, + Xy + X,
17,(X) =A"2 + X+ X+ Xy + X + X5+ X,
(X)) = Xy +X, + Xy + Xy + Xy + X
T,(X)=X,+ X, + X,  + X,, + X,, + X,
T(X)=X,+ X, + X, + X, + X + X0+ X + X + X,
TX) =X+ X+ X, + X g + Xy + X, + Xy + Xy,
L(X)=X;+ X+ X, + X g+ X, + X, + X, + X sz,
X)) =X+ X+ X s+ Xg+ X, + X s + X, + X+ X,
LX) =X+ X+ X+ X+ X, + X + X, + X+ X,

According to Eq. (3-20), the overall performance function G(X) in Eq. (3-72) can be

approximated as

GX)=G'X)=GI'W]=.G, —24§: G, +300G, (3-73)

For different target durations ¢, substituting the mean of all random variables in Table 7 into Eq.
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(3-25), G, (k=1,2,3)can be obtained

GE =[Gy oo trs?) |

= {t ~max[T;(n), 7, (), T, (1), Ty (1), Ty (u),Ta(u),ﬁ(u),ﬂ(u),ﬂ(u)]}k (3-74)
=(r-61)"

Using the eleven-point estimate in standard normal space and the statistical information of each
random variable in Table 3-8, the corresponding original space estimating points can be obtained

via the inverse Rosenblatt transformation. Substituting all original space estimating points into Eq.

(3-28), the values of ,ug (k=1, 2, 3) are obtained.
Similarly, the original spatial values associated with any pair of random variables T - (u,.r1 ), and
T\ u ) are inserted into Eq. (3-29), ,Uéi’j (i <Jj ) (k=1, 2, 3) are computed.

By substituting ,ué‘;o , ,u(’; , l‘é,.,. (k=1, 2, 3) into Egs. (3-24)(3-29), the values of L, (k=1,2,

3) are obtained as follows

26
M =D s —24Y 1t +300G, = t-63.695 (3-75)
i< =1
26
Moo =D e —24Y 12 +300G; =4090.27 +#(t—127.39) (3-76)
i< -
26
Hag = D pg =24 40 +300G; =12270.81+1 (1 —191.084) — 264.873 (3-77)
i< j * =1

Based on the first three raw moments and Eqgs. (3-37)+39), the first three moments (14, 66, a36)

of the performance function under different target duration ¢ can be obtained

Ho = M = t—63.695 (3-78)
0 =(t:6)— 12, =5.766 (3-79)
O = (Hags =3ttt + 244 )| 7% =—0.569 ~(380)

According to Eq. (3-45) the reliability index under different target duration # can be obtained

By =— ‘% ~ 3 g —%am B,.,) = 0.0948+5 2721n(0.0329¢ —1.095) (3-81)

2%}

The reliability of the project duration can be then obtained via Eq. (3-46)
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Py =1-P, =1-0(-f,,) (3-82)
With the explicit expression of Egs. (81)—(82), the reliability curve of the project duration under
different target duration ¢ can be given, as presented in Figure 3-4. So that reliability of the

large-scale road pavement project network can be quantitatively analyzed.
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Figure 3-4. Reliability of the large-scale road pavement project network

In Figure 3-4, the results of the reliability of the project duration obtained using the proposed
method are compared with those generated from the FARB method and MCS with 1,000,000
samples. One can see that the results obtained using the proposed method are consistent with those
obtained using MCS and FARB method. For example, the calculated reliability using MCS, the
proposed method, and FARB are 0.0461, 0.0464 and 0.0474, respectively, when considering a target
durétion of 55 days. However, unlike the FARB method, the proposed method does not require the
calculations of the correlation coefficients between any pair of paths and the joint failure probability

of any pair of representative paths.
3.4.3 Example 3: an industrial building project

In this section, an industrial building project involving the construction of a single storey industrial
building with an adjoining parking lot is analyzed. This project, which was first investigated by
Brend et al. [47], comprises reinforced concrete piers, frost walls, structural steel columns, and a
precast . roof deck. And it has 38 activities and 33 paths. There are 8 dummy activities, which

describe the sequential logical relationship between activities. The means and standard deviations of
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the respective activity durations are listed in Table 3-10. More details regarding the various
activities are available in the study of Guo et.al. [23]. The corresponding project network is shown
in Fig.3-5 (where O is the number of code), and all the paths of this project network with the

corresponding activities are listed in Table 3-11.

Fig.3-5 An industrial building project network

Table 3-10 Statistical data of activity durations (days)

Activity H o Distribution
0 0 0 Lognormal
1 32 3.2 Lognormal
2 2 0.5 - Lognormal
3 2 0.5 Lognormal
4 0 0 Lognormal
5 2 0.5 Lognormal
6 1 0.5 Lognormal
7 2 | 1 Lognormal
8 0 0 Lognormal
9 40 12 Lognormal
10 2 0.5 Lognormal
11 2 0.5 . Lognormal
12 4 08 Lognormal
13 1 0.1 Lognormal
14 0 0 Lognormal
15 0 0 Lognormal
16 1 0.5 Lognormal
17 60 12 Lognormal
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Table 3-10 Continued

Activity 7 oo Distribution
18 5 1 Lognormal
19 30 6 Lognormal
20 3 0.9 Lognormal
21 1 0.3 Lognormal
22 4 0.4 Lognormal
23 1 0.1 Lognormal
24 2 0.5 Lognormal
25 2 0.2 Lognormal
26 2 0.5 Lognormal
27 2 0.5 Lognormal

28 0 0 Lognormal
29 2 0.2 Lognormal
30 1 0.2 Lognormal
31 0 0 Lognormal
32 5 1.5 Lognormal
33 6 1.2 Lognormal
34 0 0 Lognormal
35 4 1.2 Lognormal
36 2 0.5 Lognormal
37 3 0.3 Lognormal
38 0 0 Lognormal

The overall performance function G(X) of the project completion time can be defined according

to Eq. (3-15) as

G(X) =t - max[T(X),...,T,(X)], (L =1,...,33)
Based on Eq. (3-17), G(X) in Eq. (3-83) can be approximated as

GX)=G'X)=G'I'(W)=).G,,- 28% G, +420G,

i<j’

i=1

(3-83)

(3-84)

For different target durations ¢, by substituting all the means of the random variables in Table 2
into Eq. (3-24), G (k=1,2,3,4) can be obtained.

Gg = [Gy(M"">ﬂi""7/130’t):|k

= {t—max([T; (), L, (W)} =(r —76.35)"
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Using the seven-point estimate in standard normal space as expressed by Egs. (3-30)—(3-36) and
ie statistical information of each random variable in Table 3-10, the corresponding original space

stimating points of random variables can be obtained via the inverse Rosenblatt transformation.

Table 3-11 Activity network paths of the industrial project -

Path Activities of each path

1 19,32,34,35,36

2 19,32,33,36

3 17,18,32,33,36

4 17,18,32,34,35,36

5 9,10,11,12,14,18,32,34,35,36

6 9,10,11,12,14,18,32,33,36

7 9,10,11,12,13,15,20,21,22,23,24,25,26,27,31,36

8 9,10,11,12,13,15,20,21,22,23,24,25,26,27,28,37

9 9,10,11,12,13,15,20,21,22,23,24,29,30,37

10 12,5,7,8,10,11,12,14,18,32,34,35,36

11 12,5.7.8,10,11,12,14,18,32,33,36

12 12,5,7,8,10,11,12,13,15,20,21,22,23 24,25,.26,27,31,36
13 1,2,5,7.8,10,11,12,13,15,20,21,22,23,24,25,26,27,28,37
14 12,5,7,8,10,11,12,13,15,20,21,22,23,24,29,30,37

15 12,5,7,1620,21,22,23.24,25.26,27,31,36

16  12,5,7,16,20,21,22,23.24,25.26,27.28,37

17 12,5,7,16,20,21,22,23,24,29,30,37

18 1,3,4,5.7,8,10,11,12,14,18,32,34,35,36

19 1,3,4,57,8,10,11,12,14,18,32,33,36

20 1,3,4,5,7,8,10,11,12,13,15,20,21,22,23,24 25,26,27,31,36
21 1,3,4,5,7,8,10,11,12,13,15,20,21,22,23,24,25,26,27,28,37
22 1,3,4,5,7,8,10,11,12,13,15,20,21,22,23,24,29,30,37

23 1,3,4,5,7,16,20,21,21,22,23,24,25,26.27,31,36

24 13,4,5,7,16,20,21,22,23,24.25.26,27,28.37

25  1,3.4,5,7,16,20,21,22,23,24,29,30,37

26 1,3,6,7.8,10,11,12,14,18,32,34,35,36

27 1,3,6,7.8,10,11,12,14,18,32,33,36

28

1,3,6,7,8,10,11,12,13,15,20,21,22,23,24,25,26,27,31,36
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Table 3-11 Continued
Path Activities of cach path
29 13,6,7,8,10,11,12,13,15,20,21,22,23,24,25,26,27,28 37
30 1,3,6,7,8,10,11,12,13,15,20,21,22,23,24,29,30,37
31 13,6,7,16,20,21,21,22,23,24.25,26,27,31,36
32 1,3,6,7,16,20,21,22,23,24.25.26 27,28 37
33 1,3,6,7,16,20,21,22,23,24,29.30,37

Substituting all the original space estimating points of G; (i = 1, ..., 30) into Eq. (3-26), the values
of 1 (k=1,2,3,4) are obtained. |

Subsequently, the original spatial values associated with any pair of random variables 7" (),
and T"" (u ) are inseted into Eq. (3-27), and 4} (i<j) (k=1,2, 3, 4) are computed.

Combining péo s ,ué[ wut  (k=1,2,3,4) with Egs. (3-22)(3-28), the values of w6 (k= 1, 2, 3, 4)
are obtained. |
Based on the obtained first four raw moments, the first four moments of the performance function

can be obtaihed as follows

He = My =1—81.960 (3-86)

O; = ,//.LZG — i, =10.865 (3-87)

e =116 =3ttt + 2485 ) 04 =—0.995 (3-88)

Qe = (/‘46 =416t +6:“’2G:“12G _3/‘146)/ O'é =4.407 (3-89)

~—

Utilizing the first four moments of G, the coefficients defined in Eq. (3-48) can be obtained as a;
=0.166, a; = 0.962, a; =—0.166, and a4 = 0.003.
Then based on Eq. (3-50), the value of P can be obtained

— 2 ’
p= 3"2"—4-2-i = 562.869 (3-90)
3a, :

Because a4 > 0, P <0 and o3¢ <0, the expression of u belongs to Type III of Table 1. With Eqgs.
(3-51)3-55), the parameters r, 6, g, A, B, Ji and J3- can be calculated

A=5.444x10° —977831+198.4>, q =—6942.148 +28.171¢ (3-91)
a=-50.718, c =294.553 | (3-92)

0 = 5.444x10° —~977831+198.4¢%, r =13.698 (3-93)

A =3471.07 —14.085t +/5.444x10° —97783¢ +198 41> (3-94)
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3.5 Conclusions

In this study, simple and effective methods based on the method of moments have been proposed to
assess the reliability of the project duration. The proposed methods consist of three main sections:
first, an overall performance function is established with respect to the project duration; second, the
bivariate-dimension reduction is used to evaluate the first three or four moments of this
performance function; third, the reliability of the project duration is assessed by the third-moment -
reliability index or fourth-moment normal transformation. '

Three numerical examples, including a simple project, a practical large-scale road pavement
project and an induétrial building project, were then used to demonstrate the efficiency and
effectiveness of the proposed methods. It can be found that: the proposed methods can provide
nearly the same reliability assessment results of the project duration compared with the MCS
method with less calculation. And compared with the FARB method, the proposed methods do not
require the calculations of the correlation coefficients between any pair of paths and the joint failure
probability of any pair of representative paths. In addition, the proposed methods can give an
explicit formula of project duration reliability cur\;e under different target durations, avoiding

repeated calculations as the target duration changes.

Appendix A Computation of the four coefficients of ay, a,, a3, a4

According to Fleishman [39], the four coefficients of ai, a, a; and a4 of Eq. (3-48) can be
calculated by letting the first four moments of the left side of Eq. (3-48) equal to those of the right
side

Mean:

Ho =0=E[S,W)]=a,+a, | (A-1)
Standard deviation:
o, =1=E[S}(w)]=a} +2a; +6a,a, +15a; (A-2)
Skewness:
& = EIS. (w)] = 6a,a, +8a; +72a243a4 +270a,a; (A-3)
Kurtosis:
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a,; = E[S}(w)]=3(a; +20a}a, +2104;a; +3465a))

+12a2(5a2 + 5a2 +T8a,a, +375a2) (A=)

| By simplifying the equations above, parameters a, and a4 can be obtained as follows
0l =244 (A-5a)
a,; =344, +34, (A-5b)

where

4 =1-a —6a,a,—15a; (A-5¢)
4, =2+a; +24a,a, +105a; (A-5d)
A, =5+5a; +126a,a, +675a; : (A-5¢)
A, =a; +20ala, +210a2a; +1260a,q, (A-50)

Due to the values of a3, and aug are known, the parameters a; and a4 can be obtained from Eqs.
(A-5a)~(A-5f), which can be solved by an appropriate nonlinear equation solver, with
preconditions:

(D) All of the parameters are real numbers;

(I1) 4, is no less than zero (4, = 2d);

(1) When a3 = 0, aug = 3, a3 = a4 = 0 and a, = 1. (To make sure that the fourth-moment
transformation includes normal distribution.)

After the parameters g, and a; have been determined, the parameters a; and a; can be readily

obtained -
a, =—a, =% (A-5g)

REFERENCES

[1] Malcolm, D. G., Roseboom, J. H., Clark, C. E., and Fazar, W. Application of a technique for
research and development program evaluation. Operations. Research, 7(5), 646—669, 1959.
[2] Kerzner, H. Project management: A systems approach to planning, scheduling, and 426
controlling. Wiley, Hoboken, NJ. 2009.
[3] Ahuja, H. N., Dozzi, S. P. and AbouRizk, S. M.: Project management: Techniques in planning
39



and controlling construction projects, Wiley, New York, 1994.

[4] Diaz, C. F. and Hadipriono, F. C.: Nondeterministic networking methods, Journal of
Construction Engineering and Management, 119(1), 40-57, 1993.

[5] Halpin, D. W. and Riggs, L. S.: Planning and analysis of construction operations, Wiley, New
York, 1992.3.

[6] Slyke, R. M. V.: Monte Carlo methods and the PERT problem, Operations Research, 11(5),
839-860,1963.

[7] Jun, D. H. and El-Rayes, K.: Fast and accurate risk evaluation for scheduling large-scale
construction projects, Journal of Computing in Civil Engineering, 25, (5), 407-417, 2011.

[8] Li, C. Q., Zhang, G. and Hosseinian, M.: A fast and accurate method to predict reliability of
project completion time, Journal of Civil Engineering and Management, 23(1), 37-46, 2016.

[9] Ditlevsen, O. (1979). Narrow reliability bounds for structural systems. Journal of Structural
Mechanics, 7(4), 453—472.

[10] Rackwitz, R. (2001). Reliability analysis - a review and some perspectives. Structural Safety,
23(4), 365-395.

[11] Diaz, C. F. (1989). Probabilistic network analyses for construction projects. M.S. thesis, Ohio
State Univ., Columbus, OH.

[12] Diaz, C. F., & Hadipriono, F. C. (1993). Nondeterministic networking methods. Journal of

 Construction Engineering and Management, 119(1), 40-57. |

[13]Lee, D., & Arditi, D. (2006). Automated statistical analysis in stochastic project scheduling
simulation. Journal of Construction Engineering and Management, 132(3),268-277.

[14] Lu, M., & AbouRizk, S. M. (2000). Simplified CPM/PERT simulation model. Journal of
Construction Engineering and Management, 126(3), 219-226.

[15] Sculli, D. (1989). A simulation solution to the PERT problem. IMA Journal of Management
Mathematics, 2(3), 255-265.

[16] Slyke, R. M. V. (1963). Monte Carlo methods and the PERT problem. Operations Research,
11(5), 839-860.

[17] Halpin, D. W., & Riggs, L. S. (1992). Planning and analysis of construction operations. Wiley,
New York. |

[18] Arsham, H. (1999). Stability analysis of the critical path in project activity networks. Civil
Engineering and Environmental Systems, 15, 305-334.

[19] Williams, T. (2004). Why Monte Carlo simulations of project networks can mislead? Project
Management Journal, 35(3), 53-61. |

[20] Ang, A. H.,r Chaker, A. A., & Abdelnour, J. (1975). Analysis of activity networks under
uncertainty. Journal of Engineering Mechanics Division, 101(4), 373-387.

[21] Sculli, D., & Shum, Y. W. (1991). An approximate solution to the PERT problem, Computers &

40



Mathematics with Applications, 21(8), 1-7.

[22] Gong, D., & Hugsted, R. (1993). Time-uncertainty analysis in project networks with a new
merge-event time-estimation technique. International Journal of Project Management, 11(3),
165-173. ‘ .

[23] Guo, Q. L., Maher, M., & Wamuziri, S. (2001). Risk analysis in construction networks using a
modified stochastic assignment model. Civil Engineering and Environmental Systems, 18(3),
215.

[24] Anklesaria, K. P., & Drezner, Z. (1986). A multivariate approach to estimating the completion
time for PERT networks. Journal of the Operational Research Society, 37(8), 811-815.

[25] Melchers, R. E., (1999). Structural reliability analysis and prediction. Wiley, Chichester.

[26] Mo, J., Yin, Y., & Gao, M. (2008). State of the art of correlation—based models of project
scheduling networks, IEEE Transactions on Engineering Management, 55(2), 349-358.

[27]Lin, Y, K., Chang, P. C., & Cho, Y. L. (2019). Reliability interval for a stochastic project
network constrained by budget and time. Quality Technology & Quantitative Management, 16,
82-94.

[28] Nasir, D., McCabe, B., & Hartono, L. (2003). Evaluating risk in project duration model
(ERIC-S): project duration risk model, Journal of Construction Engineering and Management,.
129(5), 518-527.

[29] Okmen, O., & Oztas, A. (2008). Construction project network evaluation with correlated
schedule risk analysis model, Journal of Construction Engineering and Management, 134(1),
49-63.

[30] Yang, I. T. (2005). Impact of budget uncertainty on project time-cost trade off, IEEE
Transactions on Engineering Management, 52(2), 167-174.

[31] Yang, I. T,, Lin, Y. C., & Lee, Y. C. (2014). Use of support vector regression to improve
computational efficiency of stochastic time-cost trade-off, Journal of Construction Engineering
and Management, 140(1), 04013036. _

[32] Yu, L., & Mishra, A. (2012). Experience in predicting fault-prone software modules using
complexity metrics. Quality Technoldgy & Quantitative Management, 9, 421434,

[33] Ograjensek, 1., & Zabkar, B. (2010). Enhancing the value of survey data on customer
satisfaction in the framework of a customer loyality programme: Case of a Slovenian retailer.
Quality Technology & Quantitative Management, 7, 133—-147.

- [34]Zhao, Y. G. and Ang, A. H. S.: System reliability assessment by‘ method of moments, Journal of
Structural Engineering, 129(10), 1341-1349, 2003.

[35]1Zhao, Y. G. and Ono, T.: New point estimates for probability moments, Journal of Engineering
Mechanics, 126(4), 433436, 2000.

[36] Xu, H. and Rahman, S.: A generalized dimension - reduction method for multidimensional

41



integration in stochastic mechanics, International Journal for Numerical Methods in
Engineering, 19(14), 393-408, 2004.

[37] Abramowitz, M. and 1. E. Stegun.: Handbook of mathematical functions, Dover, New York,
1972.

[38] Zhao, Y. G., & Ono, T. (2001). Moment methods for structural reliability. Structure Safety,
23(1), 47-75.

[39]Fleishman Al.: A method for simulating non-normal distributions, Psychometrika, 43(4), 521—
32, 1978.

[40]Zhao YG, Zhang XY and Lu ZH.: Complete monotonic expression of the Fourth-Moment
normal transformation for structural reliability, Computer Structure, 196, 186-99, 2018. .

[41] Rackwitz R and Fiessler B.: Structural reliability under combined load sequence, Computer
Structure, 9(5), 489-94, 1978.

[42] Baker, K.R., & Trietsch, D. (2009). Principles of Sequencing and Scheduling. Wiley, New
York.

[43]1Mo, J., Yin, Y., & Gao, M. (2008). State of the art of correlation~based models of project
scheduling networks, IEEE Transactions on Engineering Management, 55(2), 349-358.

[44] Robb, D.J. (1992). Scheduling in a management context: Stochastic tasks and nonregular
reward functions, Unpublished Doctoral Dissertation, Faculty of Management. University of
Calgary. |

[45] Robb, D.J., & Silver, E.A. (1993). Scheduling in a management context: uncertain processing
times and non-regular performance measures. Decision Sciences, 24 (6), 1085-1108.

[46] Brook, A. C., Leahy, J. P., & Shaffer, L. R. (1967). A man — machine CPM system for decision
making in the construction industry. Civil Engineering Studies, Construction Research Series,
No. 9, University of Illinois, Urbana, Illinois, USA.

[47]Brand, J. D., Meyer, W, L. and Shaffer, L. R.: The resource scheduling problem in construction,

Civil Engineering Studies, Construction Research Series, No. 5, University of Illinois, Urbana,
Illinois, 1964.6. |

42



CHAPTER 4

Reliability analysis of project duration under the influence of single
' risk factor

4.1 Introduction
4.1.1 Research background and objective

In recent years, Building Information Modeling (BIM) is wildly used in project duration
management. In order to assess the reasonable level of the BIM-based project duration plan, some
researchers have introduced reliability theory to evaluate. Although they combined project duration
management with BIM from different perspectives, they did not take the impact of random factors
on project duration into account [1-5]. Li [6] proposed a random prediction model for project
duration and carried on the integrated management on the pfo}ect duration management platform
based on the BIM technology. In the process of evaluation, the uncertain factors influencing the
project duration plan are regarded as random variables, and probability distributions of the random
variables are assumed to be normal distribution, which is determined using two parameters
evaluated from the mean and standard deviation of statistical data.

However, in practical engineering, distributions of the uncertain influence factors are usually
unknown. Only the statistical data of the uncertain influencing factors can be gotten, and the first
four moments (mean, standard deviation, skewness, and kurtosis) of the uncertain influencing
factors according to the statistical data can be easily determined. Under such circumstance, the
evaluation results of the construction schedule plan will be unreasonable under the assumption that
probability distributions of random variables are submitted to the normal distribution. Thus, a
reasonable method to analysis the reliability
of the construction schedule plan model is needed.

The objective of this paper is to propose a method by fully utilizing the statistical data to analysis

the reliability of project duration plan.
4.1.2 Organization

This paper is organized as follows: First, the project duration plan based on BIM model was

formulated, then the reliability model of the project duration was proposed. Next, the reliability
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analysis of the project duration plan model was conducted using the cubic normal transformation, in
which the parameters can be determined in terms of the first four moments. Finally, the accuracy of

the proposed methodology for the reliability analysis.

Determine the performance function Z
under the influence of single factor

!

Calculate the first four moments of the
influencing factor

;

Calculation of failure probability based
on fourth- moment transformation

|

Give the reliability evaluation results of
the project duration

v

4.2 Formulating the reliability model of project duration under single risk factor
4.2.1 Influencing risk factors of project duration

In practical engineering, the risk factors affecting the progress of the project are complex and
diverse, with different classification methods. In summary, it can be integrated into eight categories:
human factors, material supply, capital supply, technical level, organization and management level,
construction conditions and environment, design changes, and risk factors [7], as shown in Table
4-1.

In the above-mentioned classification table of factors affecting construction progress, some
influencing factors are related. For example, human factors can also be reflected in material supply
factors, capital supply factors, technical level factors, management level factors, etc. In this section,
only the reliability assessment of the project duration under the influence of individual risk factor is
considered. In the follow-up study, multiple risk factors and their correlation will be considered

according to the situation.
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Table 4-1 Classification of risk factors affecting project duration

Serial Classification of

) ) Main performance
number influencing factors

owner, designer, contractor, supervisor,

1 the quality of people :
S government, etc.
- : “supply timeliness, quality, quantity,

2 goods supply . .

. specifications, performance compliance
3 - capital supply project payment

) construction plan and construction technology,
4 technical level
safety measures |
5 organizational construction organization and management level,
management level coordination management level of all parties
construction condition . ) .
6 ) natural environment, social environment
and environment

7 design changes design changes

. political risk, economic risk, technical risk,
8 risk factors )
natural disasters, etc.

4.2.2 Formulating the performance function of project duration under single risk factor

After making the construction schedule plan based on BIM model, the schedule performance
function Z is [6]:

u Ay (4-1)

where T)s indicates the target schedule plan and Ty indicates the analysis schedule plan.

The values of Z have three conditions:

Z > 0 is the reliable state of analysis schedule, which indicates actual schedule ahead of schedule; |

Z < 0 is the failure state to analysis schedule, which indicates the actual schedule delay;

Z =0 is the critical limit state for analysis schedule.

The relationship between target schedule and analysis schedule, indicating that the work is
completed on time.

The degree of impact of a change in an influencing factor on schedule is called the degree of

impact, which is obtained by comprehensive evaluation using symbol £(X) to represent. The

relationship bctweeli target schedule and analysis schedule can be expressed as follows:
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LX) =T, +eX7,, =[1+X)|T,, 4-2)
where X is the influencing factors of the construction schedule.

There are many kinds of influencing factors in a project. While the reliability analysis of single
influencing factor (like the supply of concrete) is rather simpler, sometimes we must evaluate the
impact degree of single influencing factor to the project, therefore the reliability analysis of single
influencing factor construction schedule is the aim of this study.

According to Li [6], the impact degree of single influencing factor in construction schedule g(x)
is expressed as:

g(x)=0—ax,xe(0,x,) , (4-3)
where § €(0,1) is the prediction accuracy and varying in engineering; a is the determined value of
single factor affecting the construction schedule. x is the single influencing factor, when x>xq,
e(x)=0.

So that for single influencing factor the performance function Z can be expressed as:

Z=T, T, =-6()T,, =(ax~3)T,, (4-4)

4.3 Reliability analysis of project duration

In practical engineering, simple factor such as the supply of concrete, the number of workers,
weather effects, is usually assumed as normal distribution random variables. However, in most
cases, the distributions of the factors are unknown, but the statistical inspection data of those factors
can be collected. And the first four moments (mean, standard deviation, skewness, and kurtosis) of
the random variable x can be easily obtained according to the inspection data.

The probability of failure can be expressed as the following equation according to its definition:

P, =Prob(Z <0) = Prob[(ax—8)] <0 = Prob(x <6/ a)

=Pr0b(x_ﬂ" < 5la_‘”")=Prob(xs <—-————6/a_’u")
o | (o

i x ) (4-5)

X x

where x;=(x-u,)/g, denotes the standardized random variable, x, is the mean of the statistical data, o,
is the standard deviation of the statistical data.

Suppose the CDF and PDF of x; are Fx; and fx;, respectively, then

dla—u,

[Co fr)a,
o, (4-6)

B. =Fx (x, <——6/a_'u")=
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~ That is to say, the probability of failure is the value of CDF of x; at{5/a —4} /oy, Which is also
expressed as the arear under the PDF curve less than{J/a —y }/oy. |
Let

Fx (x,)=D(u) 4-7)
According to the equation above, the relationship between the standardized variable x; and

standard normal variable u can be expressed as the following function
x, =S, (W)=a +au+ay’ +ay’ (4-8)
where Su(u) is a third-order polynomial of u#, ® and ¢ are the CDF and PDF of a standard normal
random variable u; a;, a;, a; and a4 are coefficients up to the first four moments of the left side of
Eq. (4-8) and it is equal to those of the right side [8].
Therefore, the inverse function of the relationship between standard normal variable u the
standardized variable x; can then be expressed as

u=28"(x,) (4-9)

“where the S denotes inverse function of S, and the explicit expressions of u are summarized in
Table 4-2 [9].

The parameters p, g, A, 6, J*1 , J*z and Jy of Table 4-2 can be calculated as the following
equations:

9 o - (4-10)

4-11)

& = arccos [—q / (\/—_p)il (4-12)

Jr =0,a,=2|p|" +29+G,1a)+ u, (4-13)
J;=0,a,Q|p" +2q+x, la)+u, 4-13)
J, = —(022 /4a, +a,)d, + 1, (4-14)
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where parameters a and b are respectively defined as a= as/ay and b= a»/as. It can be seen from
Table 4-2 that there are six types in the cubic normal distribution, including unbounded
distributions (Types I and VI), unilaterally bounded distributions (Types IL, III, and V), and a
‘bounded distribution (Type IV). '

Table 4-2 Expressions of u

Parameters u Range of x  Type

p=0 —p/%/A—p+{/A——p—a/3 (—00,0) 1

p<0 a,>0 a, >0 2 —pcos(8/3)—a/3 J <x<J, I
—pl/YA—p+3fA-p-al3 x>J,

a,, <0 - —p/\/A—p+\/A—p—a/3 x<J; HI

~p/-pcos[(6-n)/3]-al3 T <x<J,

a,>0 —p/\—pcos[(@+n)/3]-al3 J <x<J; v

4,=0 o, >0 U4+ /) +ax/a-1/2  x2J, \%

o, <0 \1/4+(a,/a) +ax,/a,-1/2  x<J,

a, =0 L x (—0, ) VI

According to Eq. (4-9) with an explicit expression listed in Table.4-2 into Eq. (4-7), one obtains
that:

F, (x,)=2w) = @[S (x,)]

(4-16)
Therefore, the failure probability of the project duration can be expressed as
P =F, (-5 = o157 (22 |
O O | @-17)

4.4 Illustrative example
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Table 4-3 Continued
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Table 4-3 Continued
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4.4.2 Reliability analysis of the fourth period

According to past statistical data records in Table 4-3 of the supply of concrete, the first four
moments of the supply of commercial concrete are easy to calculate, so that according to the first
four moments, we can get the coefficients from the Table A given by Zhao et al [11], as shown in

Table 4-4. The detail about Table A is given in the appendix A.

Table 4-4 The first four moments of the data and coefficients of

the cubic normal distribution

) Coefficients of the cubic
First four moments .
normal distribution

yre 70.7875 a -0.0700
(o 13.1786 a, 0.9935
O3x 0.4199 a3 0.0700
[s7% 3.2480 ay 0.0005

According to Table 4-4 and Eq. (4-10), we can get the value of asy, a4, a, b, p:

a=a,[a, =132.9996

(4-18)

b=a,/a, =1887.7560 (4-19)

a3x = 0.4199 > 0 (4-20)

a4 = 0.0005 >0 (4-21)
_3-d’_1336.1810<0

(4-22)

So that from Table 4-2, it can be seen u belongs to Type II. With Eq.(4-11)-(4-13), the parameters
q3A,08, Ji, J2 can be gotten.

3
q:"__"_”__f’___xs_:45222.3089—9570;78752
27 6 2 2a, . 0.01387 (4-23)
A=pP+¢* =4/(-1336.1810)" +¢* (4-24)
8= arccos[—q/(\/—p)s} = aI'CCOS[—q/(\/1336.1810)3} (4-25)
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J; =ca,(2|p]" +2q+x,1a)+p,

x=70.7873), , 70.7875

=0.0069(—97685+2q + :
0.0069 (4-26)

Ty =0, +2q+x,1a)+

(x=70-7875), | 70,7875

=0.0069(97685+2q + :
0.0069 (4-27)

The corresponding histogram is presented in Fig. 4-2, along with the fitted PDF of the normal
distribution, whose mean value and standard deviation are equal to those of the statistical data, and
the fitted PDF of the cubic normal distribution whose first four moments of the data and coefficients

are shown in Table 4-4.

G,ﬁﬁz-""""f'jl’l-'x*1'1-.'_.;
=====Cubic Normal

} RS T

0.028¢
0.024F

0.020f

‘PDFE

0.016
0012}
0.008 |

0.004 |

0 50 70 9% 10 130
The Supply of Conerete

Fig, 4-2 Comparison between normal distribution and cubic normal

distribution in fitting statistical data

It can be seen from Fig. 4-2 that the cubic normal distribution fits the histogram much better
than the normal distribution. The influence degree |e(x)| <&, while & =20% . The expression of

the influence degree of commercial concrete supply is as follows:
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£(x) =38 —ax =0.2—0.0028x, x  (0,71.4)

If the daily supply of concrete is x >71.428 m3, then £ = 0. The parameters p = 3990.53, J, =
3.5437x108; J; =-1.3712x107, thus the type of the inverse transformation is II.

The performance function Z of construction duration is
Z = (ax—5)T,, =0.028x—2
According to Eq. (4-17), the probability of failure is

71.4286—70.7875
P.=F =d(-0.118) = 0.5471
=l e TN )

The failure probability of construction schedule for one day delay of the fourth section of raft
foundation is 0.5471. ‘

4.5 Conclusions

In this work, the reliability analysis method of construction schedule model based on cubic normal
transformation, which utilizing the first four moments of the influencing factor in practical
éngineering was proposed. It can provide more accurate analysis result than other existing methods
to analysis the réliability of construction schedule plan. Through case analysis, the proposed
analysis method using cubic ndrmal distribution is proved to be more reliable than that using the

normal distribution.
REFERENCES

[1] Tauscher, Mikulakova, Beucke, Konig. Automated generation of construction schedules based
on the IFC object model, computing in civil engineering, Vol.23, No.23, pp.666-674, 2009.

[2] Hui-Ping Tserng, Shih-Ping Ho, Shu-Hui Jan. Developing BIM-assisted as-built schedule
management system for general contractors. Journal of Civil Engineering and Management,
Vol.2, No.1, pp.224-23, 2014.

[3] Che Q. Research on early warning of construction project schedule risk based on BIM. Heilong
Jtang: Harbin University of Technology, 2013.

[4] Wang A J. Research on BIM-based construction project schedule risk analysis model. Heilong
Jiang: Harbin University of Technology, 20 11

[5] He Q H, Han X Y. Framework construction and process design of BIM-based schedule

54



management system. Project Management Technology, Vol.9, No.9, pp.96-99, 2011.

[6] LI Y. BIM Reliability Prediction Method for Construction Schedule, Civil and Environmental
Engineering, Vol.36, No.4, pp.51-56, 2014.

[71 China Construction Supervision Association. Construction Schedule Control. Beijing:
Intellectual Property Publishing House, pp.33-37, 2013. |

[8] Fleishman, A. L. (1978). A method for simulatiﬁg non-normal distributions. Psychometrika,
43(4), 521-532.

[9] Zhao, Y. G., Zhang, X. Y., and Lu, Z. H. (2018). Complete monotonic expression of the
Fourth-Moment normal transformation for structural reliability. Computer Structure, 196, 186—
199.

[10] https://wenku.baidu.com/view/c4fc4dc78ad63186bcebl 9e¢8b8f67c1cfadbeetd.html.

[11] Zhao YG, Lu ZH. Cubic normal distribution and its significance structural reliability. Structural
Engineering and Mechanics, 28(3), 2008, 263-280.

55



Appendix The four parameters of a,, a,, a; and a, for given values of skewness o3
and kurtosis oy

Table A: The four parameters of a1, a;, a3 and a4 for given values of skewness a3 and kurtosis a4
~ (Cubic normal distribution)
o;=0.00 2;=0.05 a;=0.10

a, ar=-a, a a, a, a=a; a, as oy a;=-a, a a,

20 0.0 1.2210  -0.0802 2.0 -0.0138 1.2224  -0.0808 20 -0.0280 1.2268 -0.0828
2.2 0.0 1.1478  -0.0520 22  -0.0116 1.1487 -0.0524 22 -0.0233 1.1514 -0.0535
2.4 0.0 1.0972  -0.0335 24  -0.0103 1.0979 -0.0338 24  -0.0206 1.0998 -0.0346
2.6 0.0 1.0585 -0.0199 2.6 -0.0094 1.0590 -0.0201 2.6 -0.0189 1.0605 -0.0207
2.8 0.0 1.0269  -0.0090 2.8 -0.0088 1.0273 -0.0092 2.8 -0.0177 1.0285 -0.0097
3.0 0.0 1.0000 0.0000 3.0 -0.0083 1.0004 -0.0001 3.0 -0.0167 1.0014 -0.0006
32 0.0 0.9765 0.0078 32 -0.0080 0.9768 0.0076 32 -0.0160 0.9777 0.0073
34 0.0 0.9555 0.0146 34 -0.0076 0.9558 0.0145 34 -0.0153 0.9566 0.0142
3.6 0.0 0.9365 0.0207 36 -0.0074 0.9368 0.0206 3.6 -0.0148 0.9375 0.0203
3.8 0.0 0.9191 0.0263 3.8 -0.0072 09193 0.0262 3.8 -0.0143 09200 0.0259
4.0 0.0 0.9030 0.0314 4.0 -0.0070 0.9032 0.0313 40 -0.0139 0.9038 0.0310
42 0.0 0.8879 0.0361 42 -0.0068 0.8881 0.0360 42 -0.0136 0.8886 0.0358
4.4 0.0 0.8738 0.0404 44 -0.0066 08739 0.0404 44 -0.0132 0.8744 0.0402
4.6 0.0 0.8604 0.0445 46 -0.0065 0.8606 0.0445 4.6 -0.0129 0.8610 0.0443
4.8 0.0 0.8477 0.0484 48 -0.0063 08479 0.0483 48 -0.0127 0.8483 0.0482
5.0 0.0 0.8357 0.0521 50 -0.0062 0.8358 0.0520 50 -0.0124 0.8362 0.0518
52 0.0 0.8241 0.0555 52 -0.0061 0.8243 0.0555 52 -0.0122 0.8247 0.0553
54 0.0 0.8131 0.0588 54 -0.0060 0.8132 0.0588 54 -0.0120 0.8136 0.0586
5.6 0.0 0.8025 0.0620 5.6 -0.0059 0.8026 0.0619 56 -0.0118 0.8029 0.0618
5.8 0.0 0.7922 0.0650 5.8 -0.0058 0.7923 0.0650 58 -0.0116 0.7927 0.0648
6.0 0.0 0.7824 0.0679 6.0 -0.0057 0.7825 0.0679 6.0 -0.0114 0.7828 0.0677
6.2 0.0 0.7728 0.0707 6.2 -0.0056 0.7729 0.0707 6.2 . -0.0113 0.7732 0.0705
6.4 0.0 0.7636 0.0734 6.4 -0.0056 0.7637 0.0733 6.4 -0.0111 0.7639 0.0732
6.6 0.0 0.7546 0.0760 6.6 -0.0055 0.7547 0.0759 6.6 -0.0110 0.7550 0.0758
6.8 0.0 0.7459 0.0785 6.8 -0.0054 0.7460 0.0785 6.8 -0.0109 0.7462 0.0784
7.0 0.0 0.7374 0.0809 70 -0.0054 0.7375 0.0809 7.0 -0.0107 0.7377 0.0808
7.2 0.0 0.7291 0.0833 7.2  -0.0053 0.7292 0.0833 7.2  -0.0106 0.7295 0.0832
7.4 0.0 0.7211 0.0856 7.4 -0.0052 0.7211 0.0855 74 - -0.0105 0.7214 0.0854
7.6 0.0 0.7132 0.0878 7.6 -0.0052 0.7133 0.0878 7.6 -0.0104 07135 0.0877
7.8 0.0 0.7055 0.0900 7.8 -0.0051 0.7056 0.0899 7.8 -0.0103 0.7058 0.0899
8.0 0.0 0.6980 0.0921 8.0 -0.0051 0.6981 0.0920 80 -0.0102 0.6983 0.0920
82 0.0 0.6907 0.0941 8.2  -0.0050 0.6907 0.0941 8.2 -0.0101 0.6909 0.0940
84 0.0 0.6835 0.0961 84 -0.0050 0.6835 0.0961 84 -0.0100 0.6837 0.0960
8.6 0.0 0.6764 0.0981 8.6 -0.0049 0.6765 0.0981 8.6 -0.0099 0.6767 0.0980
8.8 0.0 0.6695 0.1000 88 -0.0049 0.6695 0.1000 8.8 -0.0098 0.6697 0.0999
9.0 0.0 0.6627 0.1019 9.0 -0.0049 0.6627 0.1019 9.0 -0.0097 0.6629 0.1018
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Table A: Continued

0=0.15 a;=0.20 a3=0.25

ay ay=-as as a, A a=-a;  a a, a Ca=-as a as

2.0 -0.0429 12343 -0.0863 20 -0.0590 1.2459 -0.0917 20 -0.0775 12634 -0.1000
22 -0.0354 11560 -0.0555 22 -0.0481 1.1627 -0.0585 22  -0.0617 11718 -0.0625
24 -0.0313 1.1032 -0.0360 24 -0.0422 11079 -0.0380 24 -0.0537 1.1143 -0.0407
2.6 -0.0286 1.0631 -0.0218 2.6 -0.0385 1.0668 -0.0233 26 -0.0487 1.0716 -0.0253
2.8 -0.0267 10306 -0.0106 28 -0.0358 1.0336 -0.0118 28 -0.0453 10375 -0.0134
3.0 -0.0252 = 1.0032 -0.0013 3.0 -0.0338 1.0057 -0.0023 3.0 -0.0426 1.0090 -0.0036
3.2 -0.0240 0.9792 0.0067 32 -0.0322 09814 0.0058 32 -0.0406 0.9842 0.0047
3.4  -0.0231 09580 0.0137 34 -0.0309 0.9599 0.0129 3.4 -0.0389 09623 0.0119
3.6  -0.0223 0.9387 0.0199 3.6 -0.0298 0.9404 0.0192 3.6 -0.0374  0.9426 0.0183
3.8 -0.0215 0.9211 0.0255 3.8 -0.0288 0.9226 0.0249 3.8 -0.0362 0.9246 0.0241
4.0 -0.0209 0.5048 0.0307 4.0 -0.0280 0.9062 0.0301 40 -0.0352 0.9080 0.0294
42 0.0204 0.8896 0.0354 42 -0.0273 0.8908 0.0349 42 -0.0342 - 0.8925 0.0343
44 -0.0199 0.8753 0.0398 44 -0.0266 0.8765 0.0394 44  -0.0334 0.8780 0.0388
4.6 -0.0195 0.8618 0.0440 4.6 -0.0260 0.8629 0.0436 4.6 -0.0326 0.8644 0.0430
4.8 -0.0190 0.8491 0.0479 48 -0.0255 0.8501 0.0475 48 -0.0319 0.8514 0.0470
5.0 -0.0187 0.8369 0.0516 5.0 -0.0250 0.8379 0.0512 5.0 -0.0313 0.8391 0.0507
5.2 '-0.0183 0.8253 0.0551 52 -0.0245 0.8262 0.0547 52 -0.0307 0.8274 0.0540
54 -0.0180 0.8142 0.0584 5.4 -0.0241 0.8151 0.0581 54 -0.0302 08162 0.0576
56 -0.0177 0.8035 0.0616 5.6 -0.0237 0.8043 0.0613 5.6 -0.0297 0.8054 0.0608
58 -0.0175 0.7932 0.0646 58 -0.0233  0.7940 0.0643 58 -0.0292 0.7950 0.0639
6.0 -0.0172 0.7833 0.0675 6.0 -0.0230 0.7841 0.0672 6.0 -0.0288 0.7850 0.0669
62 -0.0170 0.7737 0.0703 62 -0.0226 0.7744 0.0701 62 -0.0284 0.7754 0.0697
6.4 -0.0167 0.7644 0.0730 6.4 -0.0223 0.7651 0.0728 6.4 -0.0280 0.7660 0.0724
6.6 -0.0165 0.7554 0.0757 6.6 -0.0220 0.7561 0.0754 6.6 -0.0276 0.7569 0.0751
6.8 -0.0163 0.7467 0.0782 6.8 -0.0218 0.7473 0.0779 6.8 -0.0273 0.7481 0.0776
7.0 -0.0161 0.7382 0.0806 7.0 -0.0215 0.7388 0.0804 70 -0.0269 0.7396 0.0801
72 -0.0159 0.7299 0.0830 72 -0.0213 0.7305 0.0828 72 -0.0266 0.7312 0.0825
74 -0.0157 0.7218 0.0853 - 7.4 -0.0210 0.7224 0.0851 74 -0.0263 0.7231 0.0848
76 -00156 07139  0.0875 76 -0.0208 0.7145 0.0873 7.6  -00260 0.7152 0.0870
7.8 -0.0154 0.7062 0.0897 7.8  -0.0206 0.7067 0.0895 7.8 -0.0258 0.7074 0.0892
8.0 -0.0153 0.6987 0.0918 8.0 -0.0204 0.6992 0.0916 8.0 -0.0255 0.6999 0.0914
8.2 -0.0151 0.6913 0.0939 82 -0.0202 0.6918 0.0937 82 -0.0253 0.6924 0.0934
84 -0.0150 0.6841 0.0959 84 -0.0200 0.6846 0.0957 84 -0.0250 0.6852 0.0955
8.6 -0.0148 0.6770 0.0979 8.6 -0.0198 0.6775 0.0977 8.6 -0.0248 0.6781 0.0975
8.8 -0.0147 0.6701 0.0998 8.8 -0.0196 0.6705 0.0996 8.8 -0.0246 0.6711 0.0994
9.0 -0.0146 0.6633 0.1017 9.0 -0.0195 0.6637 0.1015 9.0 -0.0244 0.6643 0.1013
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Table A: Continued

a;=0.30 a;=0.35 =0.40
a a;=-as a, as a a)=-a; as as a, a=as az a4
22  -0.0766 11836 -0.0678 22, -0.0936 1.1989" -0.0749 22 -0.1136 12192 -0.0848
24 -0,0660 1.1225 -0.0443 24 -0.0793 11328 -0.0488 24 -0.0941 1.1455 -0.0545
2.6 -0.0595 1.0778 -0.0279 2.6 -0.0709 1.0855 -0.0312 2.6 -0.0832 1.0949 -0.0352
2.8 -0.0550 1.0425 -0.0154 2.8 -0.0653 1.0486 '-0.0179 2.8 -0.0761 1.0560 -0.0210
3.0 -0.0517 1.0131 -0.0053 3.0 -0.0611 1.0182 -0.0074 3.0 -0.0710 1.0242 -0.0099
32 -0.0491 0.9878 0.0033 32  -0.0579 0.9921 0.0015 3.2 -0.0671 0.9972 -0.0006
34  -0.0470 0.9654 0.0107 34 -0.0554 0.9692 0.0092 34  -0.0640 09736 0.0074
3.6  -0.0452 0.9454 0.0172 3.6 -0.0532 0.9487 0.0159 3.6 -0.0614 09526 0.0143
3.8  -0.0437 0.9271 0.0231 3.8 -0.0514 0.9301 0.0219 3.8 -0.0592 0.9336 0.0205
4.0 -0.0424 0.9102 0.0285 40 -0.0498 0.9129 0.0274 40 -0.0574 0.9161 0.0262
42 -0.0413 0.8946 0.0335 42 -0.0484 0.8971 0.0325 42 -0.0557 0.9000 0.0313
44 -0.0402 0.8799 0.0380 44 -0.0472 0.8822 0.0371 4.4  -0.0543 0.8849 0.0361
4.6 -0.0393 0.8661 0.0423 4.6 -0.0461 - 0.8683 0.0415 46 -0.0530 0.8708 0.0405
48 -0.0384 0.8531 0.0463 4.8 -0.0451 0.8551 0.0455 4.8 -0.0518 0.8574 0.0446
5.0 -0.0377 0.8407 0.0501 5.0 -0.0441 0.8426 0.0494 5.0 -0.0507 0.8447 0.0485
52 -0.0370 0.8289 0.0537 52 -0.0433 0.8306 0.0530 52  -0.0497 0.8327 0.0522
54 -0.0363 08176 0.0571 54  -0.0425 0.8192 0.0564 54 -0.04388 0.8212 0.0557 -
5.6 -0.0357 0.8067 0.0603 5.6 -0.0418 0.8083 0.0597 5.6 -0.0480 0.8101 0.0590
5.8 -0.0351 = 0.7963 0.0634 58 -0.0411 0.7978 0.0629 58 -0.0472 0.7995 0.0622
6.0 -0.0346 0.7862 0.0664 6.0 -0.0405 0.7877 0.0659 6.0 -0.0465 0.7893 0.0652
6.2 -0.0341 0.7765 0.0693 62 -0.0399 0.7779 0.0687 6.2 -0.0458 0.7795 0.0681
64 -0.0336 0.7671 0.0720 6.4 -0.0394 0.7684 0.0715 6.4 -0.0451  0.7699 0.0709
6.6 -0.0332 0.7580 0.0747 6.6 -0.0388 0.7592 0.0742 6.6 -0.0445 0.7607 0.0736
6.8 -0.0328 0.7491 0.0772 6.8 -0.0383 0.7503 0.0768 6.8 -0.0439 -0.7517 0.0762
7.0 -0.0324  0.7405 0.0797 7.0 -0.0379 0.7417 0.0793 7.0 -0.0434 07430  0.0788
7.2 -0.0320 0.7322 0.0821 .72 -0.0374 0.7333 0.0817 72  -0.0429 0.7346 0.0812
74  -0.0316 . 0.7240 0.0844 74 -0.0370 0.7251 0.0840 74  -0.0424 0.7263 0.0836
7.6 -0.0313 0.7160 0.0867 7.6 -0.0366 0.7171 0.0863 7.6 -0.0419 0.7183 0.0858
7.8 -0.0310 0.7083 0.0889 7.8 -0.0362 0.7093 0.0885 7.8 -0.0415 0.7104 0.0881
8.0 -0.0307 0.7007 0.0911 8.0 -0.0358 0.7017 0.0907 80 -0.0411 0.7028 0.0902
82 -0.0304 0.6932 0.0931 82 -0.0355 0.6942 0.0928 82 -0.0406 0.6953 0.0924
84 -0.0301 0.6860 0.0952 84 -0.0351 0.6869 0.0948 84 -0.0403 0.6880 0.0944
8.6 -0.0298 0.6788 0.0972 8.6 -0.0348 0.6797 0.0968 8.6 -0.0399 0.6808 0.0964
8.8 -0.0295 06719 0.0991 8.8 -0.0345 0.6727 0.0988 8.8 -0.0395 0.6737 0.0984
9.0 -0.0293 0.6650 0.1010 9.0 -0.0342 0.6658 0.1007 9.0 -0.0392 0.6668 0.1003
9.2 -0.0290 0.6583 0.1029 92 -0.0339 06591  0.1026 9.2 -0.0388  0.6600 0.1022
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Table A: Continued

a;=0.45 a=0.50 &=0.55

a ar=-a; a; ay ay a=a; ~ a a, 27} ar—a a as

22 -0.1406 12523 -0.1014 24  -0.1311 11811 -0.0714 26 -0.1297 11370 -0.0543
24 - -0.1110 1.1613 -0.0618 26 -0.1120 11202  -0.0465 28 -0.1147 1.0881 -0.0350
26 -00967 1.1064 -0.0402 28 -0.1005 1.0755 -0.0294 3.0 -0.1048 1.0500 -0.0208
28 -0.0877 10649 -0.0248 3.0 -0.0926 1.0400 -0.0165 32  -0.0977 1.0187 -0.0095
3.0 -0.0814 10314 -0.0129 32 -0.0868 1.0104 -0.0060 34 -0.0923 09920 -0.0002
32  -0.0767 10033 -0.0031 34 -0.0824 0.9850 0.0027 3.6 -0.0880 0.9687 0.0078
34  -0.0730 0.9789 0.0052 3.6 -0.0787 0.9625 0.0103 3.8 -0.0844 09478 0.0148
36  -0.0699 09572 0.0125 3.8  -00757 09424 0.0170 4.0 -0.0814 0.9290 0.0210
3.8 -00673 09377 0.0189 4.0 -0.0731  0.9241 0.0230 42 -0.0788 09116  0.0267
40 -0.0651 0.9198 0.0247 42 -0.0709 05072,  0.0284 44 -0.0766 08956  0.0318
42 -0.0632 0.9034 0.0300 44 -0.0689 0.8916 0.0334 4.6 -00745 08806  0.0366
44 -0.0615 0.8880 0.0348 46 -0.0672 0.8769 0.0381 4.8 -0.0727 08666 0.0410
4.6 -0.0600 0.8736 0.0394 4.8 -0.0656 0.8631 0.0424 5.0 -0.0711 08533 0.0451
4.8 -0.0586 0.8601 0.0436 50 -0.0642 0.8501 0.0464 52  -0.0696 0.8407 0.0490
50 -0.0574 0.8473 0.0475 52  -0.0629 0.8377 0.0502 54 -0.0683 0.8288 0.0527
52 -0.0562 0.8351 0.0513 54 -0.0617 0.8259 0.0538 5.6 -0.0670 0.8173 0.0562
54 -0.0552 0.8234 0.0548 56 -0.0606 08146 0.0573 5.8 -0.0659 0.8063 0.0595
56 -0.0542 0.8122 0.0582 5.8 -0.0595 .0.8038 0.0605 6.0 -0.0648 0.7958 0.0627
58 -0.0533 0.8015 0.0614 6.0 -0.0586 0.7934 0.0636 6.2 -0.0638 0.7856 0.0657
6.0 -0.0525 0.7912 0.0645 6.2 -0.0577 0.7833 0.0666 64 -0.0629 0.7758 0.0686
6.2 -0.0517 0.7813 0.0674 6.4 -0.0569 0.7736 0.0695 6.6 -0.0620 0.7664 0.0714
64 -0.0510 0.7717 0.0703 6.6 -0.0561 07643  0.0723 6.8 -0.0611 0.7572  0.0741
6.6 -0.0503 0.7624 0.0730 6.8 -0.0553 0.7552 0.0749 7.0 -0.0604 0.7483 0.0767
6.8 -0.0496 0.7533 0.0756 7.0 -0.0546 0.7463 0.0775 7.2 -0.0596 0.7396 0.0792
7.0 -0.0490 0.7446 0.0782 7.2 -0.0540 0.7377 0.0800 74 -0.0589 0.7312 0.0817
7.2 -0.0484 0.7361 0.0806 74 -0.0533 0.7294 0.0824 7.6 -0.0582 0.7230 0.0840
74 -0.0478 0.7278 0.0830 7.6 -0.0527 0.7212 0.0847 7.8 -0.0576 0.7150 0.0863
7.6 -0.0473 0.7197 0.0853 7.8  -0.0522 0.7133 0.0870 8.0 -0.0570 0.7072 0.0886
78 -0.0468 0.7118 0.0876 8.0 -0.0516 0.7055 0.0892 82 -0.0564 0.6995 0.0907
8.0 -0.0463 0.7041 0.0898 82 -0.0511 0.6980 0.0913 84 -0.0558 0.6921 0.0928
82 -0.0458 0.6965 0.0919 84 -0.0506 0.6905 0.0934 8.6 -0.0553 0.6848 0.0949
84 -0.0454 0.6892 0.0940 8.6 -0.0501 0.6833 0.0955 88 -0.0548 0.6776  0.0969
8.6 -0.0450 0.6819 0.0960 8.8 -0.0496 0.6762 0.0975 9.0 -0.0543 0.6706 0.0989
8.8 -0.0446 0.6749 0.0980 9.0 -0.0492 0.6692 0.0994 9.2 -0.0538 0.6637 0.1008
9.0 -0.0442 0.6679 0.0999 9.2 -0.0488 0.6624 0.1013 94 -0.0533 0.6570 0.1027
92 -0.0438 0.6611 0.1018 94 -0.0483  0.6556 0.1032 9.6 -0.0529 0.6503 0.1045
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Table A: Continued

60

a;=0.60 o3=0.65 a=0.70
ay ay=-as az ay Qs ay—-as az ay ay - ayTa; az ay
2.6 -0.1512  1.1576 -0.0645 2.6 -0.1793  1.1848 -0.0790 26 -0.2462 12756 -0.1300
28 -0.1310  1.1032  -0.0420 2.8 -0.1503 1.1214  -0.0507 28 -0.1744 1.1436 -0.0622
3.0 0.1183  1.0619  -0.0260 3.0 -0.1337 1.0759 -0.0324 3.0 -0.1517 1.0926 -0.0403
32 -0.1095 1.0284 -0.0137 32 -0.1225 1.0397 -0.0186 32 -0.1372 10530 -0.0246
34 -0.1029 1.0002  -0.0036 3.4 -0.1144  1.0096  -0.0077 34 01271 1.0206 -0.0125
3.6 -0.0978  0.9757 0.0049 3.6 -0.1082  0.9838 0.0015 36 -0.1196 09931 -0.0025
3.8 -0.0936  0.9540 0.0122 3.8 -0.1033  0.9611 0.0093 38 -0.1136 09692 0.0059
4.0 -0.0901 0.9345 0.0188 4.0 -0.0991 09408 0.0162 4,0 -0.1088 0.9479 0.0132
4.2 -0.0871 09166 0.0246 42 -0.0957 - 0.9223 0.0223 42 -0.1047 09286 0.0197
4.4 -0.0844  0.9002 0.0300 4.4 -0.0927 0.9053 0.0279 44 -0.1012 09110 0.0256
4.6 -0.0821 0.8848 0.0349 4.6 ~0.0900  0.8895 0.0330 46 -0.0982 0.8948 0.0309
4.8 -0.0801 0.8705 0.0395 4.8 -0.0877 0.8748 0.0377 48 -0.0955 0.8796 0.0358
5.0 -0.0782  0.8569 0.0437 5.0 -0.0856 0.8610 0.0421 50 -0.0932 0.8654 0.0403
52 -0.0766  0.8441 0.0477 5.2 -0.0837 0.8479 0.0462 52 -0.0910 0.8521 ° 0.0445
54 -0.0750  0.8319 0.0515 5.4 -0.0820 0.8355 0.0501 54 -0.0891 0.8394 0.0485
5.6 -0.0736  0.8203 0.0550 5.6 -0.0804  0.8236 0.0537 5.6 -0.0873 0.8273 0.0523
5.8 -0.0723  0.8092 0.0584 5.8 -0.0789  0.8123 0.0572 5.8 -0.0857 0.8158 0.0558
6.0 -0.0711  0.7985 0.0616 6.0 -0.0776  0.8015 0.0605. 6.0 -0.0842 0.8048 0.0592
6.2 -0.0700  0.7882 0.0647 6.2 -0.0763  0.7910 0.0636 6.2 -0.0828 0.7942 0.0624
6.4 -0.0690 0.7783 0.0677 6.4 -0.0751  0.7810 0.0666 6.4 -0.0815 0.7840 0.0655
6.6 -0.0680 0.7687 0.0705 6.6 -0.0740 0.7713 0.0695 6.6 -0.0803 0.7741 0.0684
6.8 -0.0670 0.7594 0.0733 6.8 -0.0730 0.7619 0.0723 6.8 -0.0791 0.7646 0.0712
7.0 -0.0662 0.7504 0.0759 7.0 -0.0720 0.7528 0.0750 7.0 -0.0780 0.7554 0.0740
7.2 -0.0653  0.7417 0.0784 72 -0.0711  0.7440 0.0776 72 -0.0770 0.7465 0.0766
7.4 -0.0645 0.7332 0.0809 7.4 -0.0702 0.7354 0.0801 74 -0.0760 0.7378 0.0791
~7.6 -0.0638 0.7249 0.0833 7.6 -0.0694  0.7270 0.0825 7.6 -0.0751 0.7293 0.0816
7.8 £0.0631 0.7168 0.0856 7.8 -0.0686  0.7189 0.0848 7.8  -0.0743 07211 0.0840
8.0 -0.0624  0.7090 0.0879 8.0 -0.0679 0.7109 0.0871 8.0 -0.0734 0.7131 0.0863
8.2 -0.0617 0.7013 0.0901 8.2 -0.0672  0.7032 0.0893 82 -0.0726 0.7053 0.0885
8.4 -0.0611  0.6937 0.0922 8.4 -0.0665 0.6956 0.0915 8.4 -0.0719 0.6976 0.0907
8.6 -0.0605  0.6864 0.0943 8.6 -0.0658 0.6882 0.0936 86 -0.0712 0.6902 0.0928
8.8 -0.0599  0.6792 0.0963 8.8 -0.0652 0.6809 0.0956 88 -0.0705 0.6828 0.0949
9.0 -0.0594  0.6721 0.0983 9.0 -0.0646 0.6738 0.0976 9.0 -0.0698 0.6757 0.0969
9.2 -0.0589  0.6652 0.1002 92  -0.0640 0.6669 0.0996 92 -0.0692 0.6687 0.0989
94 -0.0584 0.6584 0.1021 94 -0.0634  0.6600 0.1015 94 -0.0685 0.6618 0.1008
9.6 -0.0579 0.6518 0.1039 9.6 -0.0629  0.6533 0.1033 9.6 -0.0680 0.6550 0.1027
goooooodoadocooooo
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Table A: Continued

a=0.75 . a7=0.80 a=0.85
o a=-a; a as ay ar=-as az a; ay a);=-as a as
28 -02076 1.1733 -0.0791 30 -02021 1.1369 -0.0638 3.0 -02505 1.1780 -0.0897
30 01736 1.1125 -0.0503 32 -0.1750 1.0872 -0.0412 32 -02013 1.1093 -0.0532
3. -0.1544  1.0687 -0.0320 34 -01580 1.0483 -0.0252 34 -01778 1.0659  -0.0339
34 -0.1414 1.0334 -0.0182 3.6 -0.1461 1.0162 -0.0128 36 -0.1622 1.0307 -0.0195
36 01320 10038 -0.0072 3.8 -01372. 09889 -0.0026 38 -0.1510 1.0011 -0.0081
3.8 -0.1248 09784 0.0020 40 -01302 09651 0.0059 40 -0.1425 0.9755 0.0013
4.0 -0.1191 09559 0.0098 42  -0.1246 0.9439 0.0133 42 -0.1357 0.9530 0.0094
42  -0.1143 09358 0.0167 44 -01198 0.9247 0.0199 44 -0.1301 0.9329 0.0164
44 -01103 09175 0.0229 46 -0.1158 0.9072 0.0258 46 -0.1254 09145 0.0227
46 -0.1068 0.9006 0.0285 48 -0.1123 0.8910 0.0311 48 -0.1214 0.8977 0.0283
48 -0.1037 0.8850 0.0336 5.0 -0.1093 0.8759 0.0360 50 -0.1179  0.8820 0.0335
50 -0.1010 0.8704 0.0383 52 -0.1065 08618 0.0406 52  -0.1148 0.8674 0.0383
52 -00986 08567 00427 54 -0.1040 0.8484 0.0448 54 01120 0.8537 0.0427
54 -0.0964 0.8437 '0.0468 56 ~-0.1018 0.8358 0.0488 56 -0.1095 0.8407 0.0468
56 -00944 08314 0.0506 58 -0.0998 0.8238 0.0526 58 -0.1072 0.8284 0.0507
58 -00926 08196 0.0543 60 -0.0979 08123 0.0562 60 -0.1051 0.8166 0.0544
6.0. -0.0909 08084 0.0577 62 -00962 0.8013 0.0595 62 -0.1032 0.8054 0.0579
62 -0.0894 07976 0.0610 64 -00946 0.7908 0.0628 64 -0.1014 0.7947 0.0612
64 -0.0879 07872 0.0642 6.6 -0.0931 0.7806 0.0658 6.6 -0.0997 0.7843 0.0644
6.6 -0.0866 0.7772 0.0672 68 -0.0917 0.7708 0.0688 68 -0.0982 0.7743 0.0674
68 -0.0853 07676 0.0701 70 -0.090 0.7613 0.0716 70 -0.0967 0.7647 0.0703
70 -0.0841 0.7582 0.0728 72 -0.0891 0.7521 0.0743 72 -0.0954 0.7554 0.0731
72 -0.0830 0.7492 0.0755 74 -0.0880 0.7432 0.0770 74 -0.0941 0.7463 0.0757
74 -0.0819 0.7404 0.0781 76 -0.0869 0.7346 0.0795 76 -0.0929 0.7376 0.0783
76 -0.0809 07319 0.0806 7.8 -0.0858 0.7262 0.0820 78 -0.0917 0.7290 0.0808
7.8  -0.0800 07235 0.0830 80 -0.0848 0.7180 0.0844 80 -0.0907 0.7208 0.0833
80 -0.0791 07154 0.0853 82 -0.083% 0.7100 0.0867 82 -0.0896 0.7127 0.0856
82 -0.0782 0.7075 0.0876 84 -0.0830 0.7022 0.0889 84 -0.0886 0.7048 0.0879
84 -0.0774 06998 0.0898 86 -0.0821 0.6946 0.0911 86 -0.0877 06971 0.0901
86 -0.0766 0.6923 0.0920 88 -0.0813 0.6871 0.0932 88 -0.0868 0.6896 0.0923
88 -0.0758 0.6849 0.0941 9.0 -0.0805 0.6799 0.0953 9.0 -0.0859 0.6822 0.0944
-9.0 -0.0751 0.6777 0.0961 92 -0.0797 0.6727 0.0973 92 -0.0851 0.6750 0.0964
92 -0.0744 06706 0.0981 94 -00790 0.6657 0.0993 94 -0.0843 06679 0.0984
94 -0.0737 06637 0.1001 96 -0.0783 0.6589 0.1012 9.6 -0.083 0.6610 0.1004
96 -0.0731 0.6569 0.1020 98 -0.0776 0.6521 0.1031 98 -0.0828 0.6542 0.1023
98 -0.0725 06502 0.1038 10.0 -0.0770  0.6455 0.1049 10.0 -0.0821 0.6476 0.1041
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Table A: Continued

a;=0.90 a;=0.95 a3=1.00

a a;=-a; as a, ay ay/=-as a, a; a S a=-a3 as ds

32 -0.2380 1.1372 -0.0705 34 -02362 1.1113 -0.0601 36 -02375 1.0904 -0.0524
34  -02027 10866 -0.0450 36 -02056 1.0674 -0.0384 3.8 -0.2096 1.0507 -0.0330
3.6 -0.1815 1.0476 -0.0278 3.8 -0.1860 1.0316 -0.0228 40 -0.1910 1.0175 -0.0186
38 -0.1670 10152 -0.0147 4.0 -0.1721 1.0014 -0.0106 42 -0.1776 09891 -0.0071
4.0 -0.1563 09875 -0.0041 42 -0.1617 09754 -0.0006 44 -0.1674 09643 0.0024
42 -0.1480 0.9634 0.0048 44 -0.1536 0.9525 0.0078 46 -01594 0.9424 0.0105
44 -0.1413 0.9420 0.0124 46 -0.1470 09320 0.0152 48 -01528 0.9227 0.0176
4.6 -0.1358 0.9227 0.0192 48 -0.1414 09134 0.0217 5.0 -0.1472 09048 0.0239
48 -0.1311 09051 0.0252 5.0 -0.1367 0.8963 0.0275 52 -0.1424 0.8882 0.0295
5.0 -0.1270 0.8888 0.0307 52 -0.1326 0.8806 0.0328 54 -0.1383 0.8729 0.0347
52 -0.1234 0.8737 0.0357 54  -0.1290 0.8658 0.0377 56 -0.1346 0.8585 0.0395
5.4 -0.1203  0.8595 0.0403 5.6 -0.1258 0.8520 0.0422 58 -0.1313 0.8450 0.0439
5.6 -0.1174  0.8461 0.0446 5.8 -0.1229 0.8389 0.0464 6.0 -0.1284 0.8322 0.0480
5.8 -0.1149 0.8334 0.0487 6.0 -0.1203 0.8266 0.0504 6.2 -0.1257 0.8201 0.0519
6.0 -0.1125 0.8214 0.0525 6.2 -0.1179 0.8148 0.0541 64 -0.1233 0.8085 0.0556
6.2 -0.1104 '0.8099 0.0561 6.4 -0.1157 0.8035 0.0576 6.6 -0.1210 0.7974 0.0590
6.4 -0.1084 0.7989 0.0595 6.6 -0.1137 0.7927 0.0610 6.8 -0.1189 0.7868 0.0624
6.6 -0.1066 0.7883 0.0627 6.8 -0.1118 0.7823 0.0642 7.0 -0.1170 0.7766 0.0655
6.8 -0.1049 0.7782 0.0658 7.0 -0.1100 0.7723 0.0672 72 -0.1152 0.7667 0.0685
7.0 -0.1033 0.7683 0.0688 72 -0.1084 0.7626 0.0702 74 -0.1135 0.7572 0.0714
72 -0.1018 0.7589 0.0717 74  -0.1068 0.7533 0.0730 7.6 -0.1119  0.7480 0.0742
74 -0.1004 0.7497 0.0744 7.6 -0.1054 0.7443 0.0757 78 -0.1104 0.7391 0.0769
7.6 -0.0991 0.7408 0.0771 7.8 -0.1040 0.7355 0.0783 8.0 -0.1090 0.7304 0.0794
7.8 -0.0978 0.7321 0.0796 8.0 -0.1027 0.7269 0.0808 82 -0.1076 0.7220 0.0819
8.0 -0.0966 0.7237 0.0821 82 -0.1015 0.7186 0.0833 84 -0.1064 0.7138 0.0843
8.2 -0.0955 0.7155 0.0845 84 -0.1003 0.7106 0.0856 8.6 -0.1051 0.7058 0.0867
84 -0.0944 07076 0.0868 8.6 -0.0992 0.7027 0.0879 88 -0.1040 0.6980 0.0890
8.6 -0.0934 0.6998 0.0891 88 -0.0981 0.6950 0.0901 9.0 -0.1029 0.6903 0.0912
8.8 -0.0924 0.6922 0.0912 9.0 -0.0971 0.6874 0.0923 92 -0.1018 0.6829 0.0933
9.0 -0.0915 0.6847 0.0934 9.2 -0.0962 0.6801 0.0944 94 -0.1008 0.6756 0.0954
9.2 -0.0906 0.6774 0.0955 9.4 -0.0952 0.6729 0.0965 9.6 -0.0999 0.6685 0.0974
9.4 -0.0897 0.6703 0.0975 9.6 -0.0943 0.6658 0.0985 9.8 -0.0989 0.6615 0.0994
9.6 -0.0889 0.6633 0.0995 9.8 -0.0935 0.6589 0.1004 10.0 -0.0980 0.6546 0.1014
9.8 -0.0881 0.6565 0.1014 10.0 -0.0926 0.6521 0.1024 102 -0.0972 0.6479  0.1033
10.0 -0.0873 0.6497 0.1033 102 -0.0918 0.6454 0.1042 104 -0.0964 0.6413 0.1051
10.2 -0.0866 0.6431 0.1051 104 -0.0911 0.6389 0.1061 10.6 -0.0956 0.6348 0.1069
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Table A: Continued

a;=1.05 a;=1.10 ;=120
271 ay=as a as o ay=-as a a4 22} a,=-ds a 23
3.6 -02895 11224 -0.0765 3.8 -0.2874 1.0995 -0.0669 42 -0290 1.0670 -0.0565
38  -0.2407 1.0727  -0.0465 40 -0.2453 1.0574 -0.0417 44 -0.2578 1.0322 -0.0350
40 02144 10361 -0.0286 42 -02201 1.0233 -0.0250 46 -0.2333 1.0016 -0.0196
42 -0.1965 1.0049 -0.0150 44 -0.2025 09937 -0.0120 48 -02158 09746 -0.0075
44 -0.1834 09780 -0.0041 46 -0.1895 09680 -0.0015 50 -0.2027 0.9506 0.0025
4.6 -0.1734 09543 0.0050 48 -0.1795 0.9452 0.0073 52  -0.1924 0.9293 0.0109
48 -0.1653 09332 0.0128 50 -0.1714 0.9248 0.0149 54 -0.1841 09100 0.0182
5.0 -0.1587 = 0.9142 0.0197 52 -0.1647 0.9063 0.0216 56 -0.1771 0.8923 0.0246
52 -0.1531 0.8968 0.0258 54 -0.1590 0.8893 0.0276 5.8 -0.1712 0.8761 0.0304
54 -0.1482  0.8807 0.0314 5.6 -0.1541 0.8736 0.0330 6.0 -0.1661 0.8610 0.0357
5.6 -0.1440 0.8657 0.0364 5.8 -0.1498 0.8590 0.0380 62 -0.1616 0.8469 0.0405
58 -0.1403 0.8516 0.0411 6.0 -0.1460 0.8452 0.0426 64 -0.1576 0.8335 0.0450
6.0 -0.1369 0.8384 0.0454 62 -0.1426 0.8322 0.0468 6.6 -0.1540 0.8210 0.0492
62 -0.1339 0.8259 0.0495 64 -0.1395 08199 0.0508 6.8 -0.1507 0.8090 0.0531
64 -0.1312 0.8140 0.0533 6.6 -0.1366 0.8082 0.0546 7.0 -0.1477 0.7976 0.0568
6.6 -0.1286 0.8026 0.0569 6.8 -0.1341 0.7970 0.0582 72 -0.1450 0.7867 0.0603
68 -0.1263 0.7917 0.0604 70 -0.1317 0.7862 0.0615 74  -0.1424 0.7762 0.0636
70 -0.1242 0.7812 0.0636 72 01295 0.7759 0.0648 7.6 -0.1401 0.7661 0.0668
7.2  -0.1222  0.7711 0.0667 74 -0.1274 0.7660 0.0678 78 -0.1379 0.7564 0.0698
74 -0.1203 0.7614 0.0697 76 -0.1255 0.7564 0.0708 8.0 -0.1359 0.7470 0.0727
7.6 -0.1186 0.7520 0.0726 7.8 -0.1237 0.7471 0.0736 82 -0.1340 0.7379 0.0755
7.8 -0.1169 0.7429 0.0753 80 -0.1220 0.7381 0.0763 84 -01322 0.7291 0.0781
8.0 -0.1154 0.7341 0.0779 82 -0.1204 0.7294 0.0790 86 -0.1304 0.7206 0.0807
82 -0.1139 = 0.7255 0.0805 84 -0.1189 0.7209 0.0815 88 -0.1288 0.7122 0.0832
84 01125 0.7172 0.0830 86 -0.1174 0.7127 0.0839 9.0 -0.1273 0.7041 0.0856
86 -0.1112 0.7091 0.0854 8.8 -0.1161 0.7046 0.0863 92  -0.1259 0.6962 0.0880
88 -0.1100 0.7012 0.0877 9.0 -0.1148 0.6968 0.0886 94 -0.1245 0.6885 0.0902
9.0 -0.1088  0.6934 0.0899 92 -0.1136 0.6891 0.0908 9.6 -0.1231 0.6810 0.0925
9.2 -0.1076 0.6859 0.0921 9.4 -0.1124 0.6816 0.0930 98 -0.1219 0.6736 0.0946
9.4 -0.1065 0.6785 0.0942 9.6 -0.1112 0.6743 0.0951 10.0 -0.1207  0.6664 0.0967
9.6 -0.1055 06713 0.0963 9.8 -0.1102 0.6671 0.0972 10.2 -0.1195 0.6593 0.0987
9.8 -0.1045 0.6642 0.0983 10.0 -0,1091 0.6601 0.0992 104 -0.1184 0.6524 - 0.1007
10.0 -0.1035 0.6573 0.1003 10.2 -0.1081 0.6532 0.1011 10.6 -0.1173  0.6456 0.1026
10.2 -0.1026  0.6505 0.1022 104 -0.1072 0.6465 = 0.1031 108 -0.1163 0.6390 0.1045
104 -0.1017 0.6438 0.1041 10.6 -0.1062  0.6399 0.1049 11.0 -0.1153 0.6324 0.1064
10.6 -0.1009 0.6372 0.1060 10.8 -0.1054 0.6334 0.1068 112 -0.1144  0.6260 0.1082
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Table A: Continued

=1.30 ;=140 a;=1.50

Qy a—as ay aa (271 a=a; ax ay (27} ay—as ax a4

4.6 -0.3132 1.0424 -0.0516 50 -03386 1.0218 -0.0509 54 -03772 1.0023 -0.0559
4.8 -0.2746 1.0122  -0.0313 52 02959 09958 -0.0302 5.6 -03233 09814 -0.0318
5.0 -0.2491 0.9843 -0.0164 54 -0.2681 09703 -0.0152 5.8 -0.2911 09587 -0.0161

52 -0.2309 09590 -0.0046 5.6 02482 09464 -0.0034 6.0 -0.2683 09362 -0.0037
54 02171 0.9364 0.0051 5.8 -0.2332  0.9247 0.0064 6.2 -0.2514 09152 0.0064
5.6 -0.2063 0.9160 ‘ 0.0133 6.0 -0.2215 0.9049 0.0147 64 -0.2383  0.8959 0.0150
5.8 -0.1975 0.8974 0.0205 6.2 -0.2120 0.8869 0.0219 6.6 -0.2277 0.8782 0.0223
6.0 -0.1902  0.8804 0.0268 64 -0.2041 0.8703 0.0282 6.8 -0.2190 0.86_1 9 0.0288
6.2 -0.1839  0.8647 0.0325 6.6 -0.1973 0.8550 0.0339 7.0 -0.2116 0.8468 0.0346
6.4 -0.1785 0.8500 0.0377 6.8 -0.1915 0.8406 0.0391 72  -02052 0.8326 0.0398
6.6 -0.1737 0.8363 0.0425 7.0  -0.1864 0.8271 0.0438 74 -0.1996 0.8193 0.0446
6.8 -0.1695 0.8233 0.0469 72 -0.1818 0.8144 0.0482 7.6 -0.1947 0.8067 0.0490
7.0 -0.1656  0.8110 0.0510 74 - -0.1777 0.8023 0.0524 7.8 -0.1902 0.7948 0.0532
7.2 -0.1622  0.7993 0.0549 7.6 -0.1740 0.7908 0.0562 8.0 -0.1862 0.7834 0.0570
7.4 -0.1590 0.7882 0.0585 7.8 -0.1706  0.7798 0.0598 8.2 -0.1825 0.7725 0.0607
7.6 -0.1561  0.7775 0.0620 8.0 -0.1675 0.7693 0.0633 84 -0.1792 0.7621 0.0641
7.8 -0.1534  0.7672 0.0653 8.2 -0.1646 0.7592 0.0665 8.6 -0.1761 0.7521 0.0674
8.0 -0.1509  0.7573 0.0684 84 -0.1619 0.7495 0.0696 8.8 -0.1732 0.7425 0.0705
8.2 -0.1486  0.7478 0.0714 8.6 -0.1594 0.7400 0.0726 9.0 -0.1705 0.7331 0.0735
84 -0.1464  0.7386 0.0742 88 -0.1571 0.7309 0.0755 9.2 -0.1680 0.7241 0.0764
8.6 0.1443  0.7296 0.0770 9.0 -0.1549 0.7221 0.0782 94 -0.1657 0.7154 0.0791
8.8 -0.1424  0.7209 0.0796 92 -0.1528 0.7135 0.0808 9.6 -0.1635 0.7069 0.0817
9.0 -0.1406  0.7125 0.0822 94 -0.1509 0.7052 0.0834 9.8 -0.1614 0.6986 0.0843
9.2 -0.1389  0.7043 0.0847 . 9.6 -0.1491 0.6971 0.0858 10.0 -0.1594 0.6906 0.0867
9.4 -0.1373  0.6963 0.0871 9.8 -0.1473 0.6892 0.0882 102 -0.1576  0.6828 0.0891
9.6 -0.1357  0.6885 0.0894 10.0 -0.1457 0.6815 0.0905 104 -0.1558 0.6751 0.0914
9.8 -0.1342  0.6809 0.0916 10.2 -0.1441 0.6740 0.0928 10.6 -0.1541 0.6677 0.0937
10.0  -0.1328 0.6735 0.0938 104 -0.1426 0.6666 0.0949 10.8 -0.1525 0.6604 0.0958
10.2° -0.1315 0.6662 0.0959 10.6 -0.1411 0.6594 0.0971 11.0 -0.1509 0.6532 0.0979
104 -0.1302 0.6591 0.0980 10.8 -0.1397 0.6524 0.0991 11.2 -0.1495 0.6463 0.1000
10.6 -0.1289 0.6521 0.1000 11.0 -0.1384 0.6455 0.1011 114 -0.1480 0.6394 0.1020
10.8 -0.1277 0.6453 0.1020 112 -0.1372 0.6387 0.1031 11.6 -0.1467 0.6327 0.1039
11.0  -0.1266 0.6386 0.1039 114 -0.1359 0.6321 0.1050 11.8 -0.1454 0.6261 0.1059
11.2  -0.1255 0.6320 0.1058 116 -0.1348 0.6256 0.1069 120 -0.1441 0.6196 0.1077
114  -0.1244 0.6255 0.1076 118 -0.1336 0.6192 0.1087 122 -0.1429 0.6133 0.1095
11.6  -0.1234 0.6192 0.1094 120 -0.1325 0.6129 0.1105 124 -0.1417  0.6070 0.1113
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Table A: Continued

a=1.60 o=1.70 a;=1.80
Q, a=-as a ay ay ayp=-as a, a, o, a;=-a; a a,
60 -03603 09665 -0.0370 64 -04200 09446 -0.0498 7.0 -0.4192 09155 -0.0386
62 -03202 0.9484  -0.0194 66 -03594 09366 -0.0259 72  -03662 09102 -0.0186
64 -02926 09279 -0.0059 6.8 -03236 09202 -0.0105 74 -0.3317 08958 -0.0042
6.6 -02726 09077  0.0050 7.0 -02983 09016  0.0017 7.6 -03071 08789  0.0072
6.8 -02573 08888  0.0140 72 -02796 0.8833  0.0116 78 -0.2838 08620  0.0166
7.0 -02452 08713  0.0217 74 -02651 0.8659  0.0199 80 -02746 08459  0.0246
7.2 -02353 0.8551  0.0284 76 -02535 0.8498  0.0271 82 -0.2632 08307 00314
74 -02270 0.8400  0.0344 7.8 -02440 0.8347  0.0334 84 -02536 08165  0.0375
7.6 -02199 0.8259  0.0398 8.0 -0.2359 0.8206  0.0391 86 -02456 0.8032  0.0429
7.8  -02137 08127  0.0447 82 -02289 0.8073  0.0442 88 -0.238 0.7906  0.0478
80 -0.2083 0.8002  0.0493 84 -02228 0.7948  0.0489 9.0 -02324 0778  0.0524
82 -02034 0.7883  0.0535 8.6 -02174 07829  0.0532 92 -02269 07673  0.0565
84 -0.1990 07770  0.0574 88 -02125 07716  0.0573 94 -02220 0.7564  0.0605
86 -0.1950 0.7662  0.0611 90 -0.2081 0.7608  0.0610 9.6 02176 07460  0.0641
88 -0.1913 07559  0.0646 98 -02135 0.7360  0.0676
92  -0.2041 0.7505  0.0646
9.0 -0.1880 0.7459  0.0679 94 -02004 0.7405  0.0680 100 -02097 0.7264  0.0709
9.2 -0.1849 0.7363  0.0710 96 -0.1970 0.7310  0.0712 102 -02063 07172 00740
94 -0.1820 07270  0.0740 9.8 -0.1939 0.7217  0.0742 104 -02031 07082  0.0770
96 -0.1793 0.7181  0.0769 100 -0.1909 0.7128  0.0771 106 -02001 06995  0.0798
9.8 -0.1768 0.7094  0.0797 102 -0.1882 0.7041  0.0799 108 -0.1973 0.6911  0.0826
10.0 -0.1744 0.7009  0.0823 104 -0.1856 0.6957  0.0826 - 11.0 -0.1946 0.6829  0.0852
102 -0.1721 0.6927  0.0849 106 -0.1832 06875  0.0852 112 -0.1921 06750  0.0877
104 -0.1700 0.6847  0.0873 108 -0.1809 0.6795  0.0877 114 -0.1898 0.6672  0.0902
106 -0.1680 0.6770  0.0897 11.0 -0.1787 0.6718  0.0901 11.6 -0.1876 0.6596  0.0925
10.8 -0.1661 0.6694  0.0920 112 -0.1767 0.6642  0.0924 11.8 -0.1855 0.6522  0.0948
11.0 -0.1643 0.6619  0.0943 114 -0.1747 0.6568  0.0947 120 -0.1834 0.6450  0.0970
112 -0.1626 0.6547  0.0965 . 116 -0.1729 0.6496  0.0969 122 -0.1815 0.6380  0.0992
114 -0.1609 0.6476  0.0986 11.8 -0.1711 06425  0.0990 124 -0.1797 0.6310  0.1013
11.6 -0.1593 0.6407  0.1006 120 -0.1694 0.6356  0.1011 126 -0.1779 06243 0.1033
11.8 -0.1578 0.6338  0.1027 122 -0.1678 0.6288  0.1031 128 -0.1763 06176  0.1053
120 -0.1563 0.6272  0.1046 . 124 -0.1662 06221  0.1051 13.0 -0.1747 06111  0.1072
122 -0.1549 0.6206  0.1065 126 -0.1647 = 0.6156  0.1070 132 -0.1731 06047  0.1091
124 -0.1536 0.6142  0.1084 128 -0.1633 06092  0.1088 134 -0.1716 0.5984  0.1110
126 -0.1523 0.6078  0.1102 13.0 -0.1619 06029  0.1107 136 -0.1702 05922  0.1128
12.8 -0.1511 0.6016  0.1120 132 -0.1605 0.5967  0.1125 13.8 -0.1688 0.5861 0.1145
13.0 -0.1499 05955  0.1137 134 -0.1592 05906  0.1142 140 -0.1675 05801  0.1163
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Table A: Continued

a;=0.90 3=0.95 - a=1.00

ay a)=-a3 az Qg ay a=-as ap a4 ay ay—as az ay

32 -0.2380 1.1372 -0.0705 34  -02362 11113 -0.0601 3.6 02375 1.0904 -0.0524
34 -02027 1.0866 -0.0450 3.6 -02056 1.0674 -0.0384 3.8 -02096 1.0507 -0.0330
36 -0.1815 1.0476 -0.0278 38 -0.1860 1.0316 -0.0228 4.0 -0.1910 1.0175 -0.0186
3.8 -0.1670 1.0152 -0.0147 4.0 -0.1721 1.0014 - -0.0106 42 -0.1776 09891 -0.0071

4.0 -0.1563 09875 -0.0041 42 -0.1617 09754 -0.0006 44 -0.1674 0.9643 0.0024
42 -0.1480 0.9634 0.0048 44 -0.1536 . 0.9525 0.0078 4,6 -0.1594 09424 0.0105
44 01413 09420 0.0124 46 -0.1470 0.9320 0.0152 48 -0.1528 0.9227 0.0176
4.6 -0.1358 0.9227 0.0192 48 -0.1414 09134 0.0217 5.0 -0.1472  0.9048 . 0.0239
48 -0.1311 09051 0.0252 5.0 -0.1367 0.8963 0.0275 52 -0.1424 0.8882 0.0295
5.0 -0.1270 0.8888 0.0307 52 -0.1326 0.8806 0.0328 54 -0.1383 0.8729 0.0347
52 -0.1234 0.8737 0.0357 54 -0.1290 0.8658 0.0377 5.6 -0.1346 0.8585 0.0395
54 -0.1203 0.8595 0.0403 5.6 -0.1258 0.8520 0.0422 5.8 -0.1313 0.8450 0.0439
56 -0.1174 0.8461 0.0446 58 -0.1229 0.8389 0.0464 6.0 -0.1284 0.8322 0.0480
58 -0.1149 0.8334 0.0487 6.0 -0.1203 0.8266 0.0504 6.2 -0.1257 0.8201 0.0519
6.0 -0.1125 0.8214 0.0525 62 -0.1179 0.8148 0.0541 6.4 -0.1233  0.8085 0.0556
6.2 -0.1104 0.8099 0.0561 6.4 -0.1157 0.8035 0.0576 6.6 -0.1210 0.7974 0.0590
6.4 -0.1084 0.7989 0.0595 6.6 -0.1137 0.7927 0.0610 6.8 -0.1189 0.7868 0.0624
6.6 -0.1066 0.7883 0.0627 6.8 -0.1118 0.7823 0.0642 7.0 -0.1170  0.7766 0.0655
6.8 -0.1049 - 0.7782 0.0658 7.0 -0.1100 0.7723 0.0672 7.2 -0.1152  0.7667 0.0685
7.0 -0.1033 0.7683 ‘ 0.0688 7.2  -0.1084 0.7626 0.0702 74 -0.1135 0.7572 0.0714
72 -0.1018 0.7589 0.0717 74 -0.1068 0.7533 0.0730 7.6 -0.1119 0.7480 0.0742
74 -0.1004 0.7497 0.0744 7.6  -0.1054 0.7443 0.0757 7.8 -0.1104 0.7391 0.0769
7.6 -0.0991 0.7408 0.0771 7.8 -0.1040 0.7355 0.0783 8.0 -0.1090 0.7304 0.0794
7.8 -0.0978 0.7321 0.0796 8.0 -0.1027 0.7269 0.0808 82 -0.1076 0.7220 0.0819
8.0 -0.0966 0.7237 0.0821 8.2 -0.1015 0.7186 0.0833 84 -0.1064 0.7138 0.0843
82 -0.0955 0.7155 0.0845 84 -0.1003 0.7106 0.0856 8.6 - -0.1051 0.7058 0.0867
84 -0.0944 0.7076 0.0868 8.6 -0.0992 0.7027 0.0879 8.8 -0.1040 0.6980 0.0890
8.6 -0.0934 0.6998 0.0891 8.8 -0.0981 0.6950 0.0901 9.0 -0.1029 0.6903 0.0912
8.8 -0.0924 0.6922 0.0912 9.0 -0.0971 0.6874 0.0923 9.2 -0.1018 0.6829 0.0933
9.0 -0.0915 0.6847 0.0934 9.2  -0.0962 0.6801 0.0944 9.4 -0.1008 0.6756 0.0954
9.2 -0.0906 0.6774 0.0955 9.4 -0.0952 0.6729 0.0965 9.6 -0.0999 0.6685 0.0974
94 00897 0.6703 0.0975 9.6 -0.0943 0.6658 0.0985 9.8 -0.0989 0.6615 0.0994
9.6 -0.0889 0.6633 0.0995 9.8 -0.0935 0.6589 0.1004 10.0 -0.0980 0.6546 0.1014
9.8 -0.0881 0.6565 0.1014 10.0 -0.0926 0.6521 0.1024 10.2 -0.0972 0.6479 0.1033
10.0 -0.0873 0.6497 0.1033 102 -0.0918 0.6454 0.1042 104 -0.0964 0.6413 0.1051
10.2 -0.0866 0.6431 0.1051 104 -0.0911 0.6389 0.1061 10.6 -0.0956 0.6348 0.1069
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Table A: Continued

=105 =110 a=1.20

ay a1=-a3 a as Qy ar=-as 22} as ay 4==a; ai ay

3.6 -0.2895 1.1224  -0.0765 3.8 -02874 1.0995 -0.0669 42  -02960 1.0670 -0.0565
3.8  -02407 1.0727 -0.0465 40 -02453 1.0574 -0.0417 44 02578 1.0322 -0.0350
40 -02144 1.0361 -0.0286 42  -02201 1.0233 -0.0250 46 -0.2333 1.0016 -0.0196
42  -0.1965 1.0049 -0.0150 44  -02025 09937 -0.0120 48 -02158 09746 -0.0075
44 -0.1834 09780 -0.0041 46 -0.1895 0.9680 -0.0015 5.0 -0.2027 09506 0.0025
4.6 -0.1734 0.9543 0.0050 48 -0.1795 0.9452 0.0073 52 -0.1924  0.9293 0.0109
48 -0.1653 0.9332 0.0128 5.0 -0.1714 09248 0.0149 5.4 -0.1841 09100 0.0182
5.0 -0.1587 09142 0.0197 52 -0.1647 09063 0.0216 5.6 01771 0.8923 0.0246
5.2  -0.1531 0.8968 0.0258 54 -0.1590 0.8893 0.0276 58 -0.1712 0.8761 0.0304
54 -0.1482 0.8807 0.0314 5.6 -0.1541 0.8736 0.0330 6.0 -0.1661 0.8610 0.0357
56 -0.1440 0.8657 0.0364 58 -0.1498 0.8590 0.0380 62 -0.16 1‘ 6 0.8469 0.0405
5.8 -0.1403 0.8516 0.0411 6.0 -0.1460- 0.8452 0.0426 6.4 -0.1576 0.8335 0.0450
6.0 -0.1369 0.8384 0.0454 62 -0.1426 0.8322 0.0468 6.6 -0.1540 0.8210 0.0492
6.2 -0.1339 0.8259 0.0495 64 -0.1395 08199 0.0508 6.8 -0.1507 0.8090 0.0531
6.4 -0.1312 0.8140 0.0533 6.6 -0.1366 0.8082 0.0546 7.0 -0.1477 0.7976 0.0568
6.6 -0.1286 0.8026 0.0569 6.8 -0.1341 0.7970 0.0582 72 -0.1450 0.7867 0.0603
6.8 -0.1263 0.7917 0.0604 7.0 -0.1317 0.7862 0.0615 74 -0.1424 07762 0.0636
7.0 -0.1242  0.7812  0.0636 72  -0.1295 0.7759 0.0648 7.6 -0.1401 0.7661 0.0668
7.2 -0,1222 0.7711 0.0667 74  -0.1274 0.7660 0.0678 7.8 -0.1379. 0.7564 0.0698
74 -0.1203 0.7614 0.0697 7.6 01255 0.7564 0.0708 80 -0.1359 0.7470 0.0727
7.6 -0.1186 0.7520 0.0726 7.8  -0.1237 0.7471 0.0736 82 -0.1340 0.7379 0.0755
7.8 -0.1169 0.7429 0.0753 8.0 -0.1220 0.7381 0.0763 84 -0.1322 0.7291 0.0781
8.0 -0.1154 0.7341 0.0779 82 -0.1204 0.7294 0.0790 8.6 -0.1304 0.7206 0.0807
8.2 -0.1139 0.7255 0.0805 84 -0.1189 0.7209 0.0815 8.8 -0.1288 0.7122 0.0832
8.4 -0.1125 07172 0.0830 8.6 -0.1174 0.7127 0.0839 9.0 -0.1273 0.7041 0.0856
8.6 -0.1112 0.7091 0.0854 8.8 -0.1161 0.7046 0.0863 92 -0.1259 0.6962 0.0880
8.8 -0.1100 0.7012 0.0877 9.0 -0.1148 0.6968 0.0886 9.4 -0.1245 0.6885 0.0902
9.0 -0.1088 0.6934  0.0899 9.2 -0.1136 0.6891 0.0908 9.6 -0.1231 0.6810 0.0925
9.2 -0.1076  0.6859 0.0921 9.4 -0.1124 0.6816 0.0930 9.8 -0.1219 0.6736 = 0.0946
9.4 -0.1065 0.6785 0.0942 9.6 -0.1112 0.6743 0.0951 10.0 -0.1207 0.6664 0.0967
9.6 -0.1055 0.6713 0.0963 9.8 -0.1102 0.6671 0.0972 102 -0.1195 0.6593 0.0987
9.8 -0.1045 0.6642 0.0983 10.0 -0.1091 0.6601 0.0992 10.4 -0.1184 0.6524 0.1007
10.0 -0.1035 0.6573 0.1003 102 -0.1081 0.6532 0.1011 106 -0.1173 0.6456 0.1026
102 -0.1026  0.6505 0.1022 104 -0.1072  0.6465 0.1031 108 -0.1163  0.6390 0.1045
104 -0.1017 0.6438 0.1041 106 -0.1062 0.6399 0.1049 11.0 -0.1153 0.6324 0.1064
10.6 -0.1009 0.6372 0.1060 10.8 -0.1054 0.6334 0.1068 112 -0.1144  0.6260 0.1082
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Table A: Continued

a=1.30 =1.40 o=1.50

ay a;=-as a a, o ar=-as a a, (271 ar=-as a a;
4.6 -0.3132  1.0424  -0.0516 5.0 -0.3386 1.0218 -0.0509 54 -03772 1.0023 -0.0559
4.8 -0.2746 1.0122 -0.0313 52 -0.2959 0.9958 -0.0302 56 -0.3233 09814 -0.0318
5.0 -0.2491 09843 -0.0164 54 -0.2681 09703 -0.0152 5.8 -0.2911 09587 -0.0161
52 -0.2309 09590 -0.0046 56 -0.2482 09464 -0.0034 60 -0.2683 09362 -0.0037
5.4 -0.2171  0.9364 0.0051 58 -0.2332 09247 0.0064 62 -02514 09152 0.0064
5.6 -0.2063  0.9160 0.0133 6.0 -0.2215  0.9049 0.0147 64 -02383 0.8959 0.0150
58 -0.1975 0.8974 0.0205 62 -02120 0.8869 0.0219 6.6 -0.2277 08782 0.0223
6.0 -0.1902  0.8804 0.0268 6.4 -02041 0.8703 0.0282 6.8 -0.2190 0.8619 0.0288
6.2 -0.1839 0.8647 0.0325 6.6 -0.1973 0.8550 0.0339 7.0 -0.2116 0.8468 0.0346
6.4 -0.1785  0.8500 0.0377 6.8 -0.1915 0.8406 0.0391 7.2  -0.2052 0.8326 0.0398
6.6 -0.1737 0.8363 0.0425 7.0 -0.1864 0.8271 0.0438 74 -0.1996 0.8193 0.0446
6.8 -0.1695  0.8233 0.0469 72 -0.1818 0.8144 0.0482 7.6 -0.1947 0.8067 0.0490
7.0 -0.1656  0.8110 0.0510 74  -0.1777 0.8023 0.0524 7.8 -0.1902 0.7948 0.0532
72 -0.1622  0.7993 0.0549 7.6 -0.1740 0.7908 0.0562 80 -0.1862 (.7834 0.0570
7.4 -0.1590 0.7882 0.0585 78 -0.1706 0.7798 0.0598 82 -0.1825 0.7725 0.0607
7.6 -0.1561  0.7775 0.0620 8.0 -0.1675 0.7693 0.0633 8.4 -0.1792 0.7621 0.0641
7.8 -0.1534 0.7672 0.0653 8.2 -0.1646 0.7592 0.0665 86 -0.1761 0.7521 0.0674
8.0 -0.1509 0.7573 0.0684 84 -0.1619 0.7495 0.0696 8.8 -0.1732 0.7425 0.0705
8.2 -0.1486  0.7478 0.0714 86 -0.1594 0.7400 0.0726 9.0 -0.1705 0.7331 0.0735
8.4 -0.1464 0.7386 0.0742 88 -0.1571 0.7309 0.0755 9.2 -0.1680 0.7241 0.0764
8.6 -0.1443  0.7296 0.0770 9.0 -0.1549 0.7221 0.0782 9.4 -0.1657 0.7154 0.0791
8.8 -0.1424  0.7209 0.0796 9.2 -0.1528 0.7135 0.0808 9.6 -0.1635 0.7069 0.0817
9.0 -0.1406  0.7125 0.0822 94 -0.1509 0.7052 0.0834 9.8 -0.1614 0.6986 0.0843
9.2 0.1389  0.7043 0.0847 96 -0.1491 0.6971 0.0858 10.0 -0.1594 0.6906 0.0867
94 -0.1373  0.6963 0.0871 9.8 -0.1473 0.6892 0.0882 10.2 -0.1576 0.6828 0.0891
9.6 -0.1357  0.6885 0.0894 10.0 -0.1457 0.6815 0.0905 104 -0.1558 0.6751 0.0914
9.8 -0.1342  0.6809 0.0916 102 -0.1441 0.6740 0.0928 106 -0.1541 0.6677 0.0937
10.0 - -0.1328 0.6735 0.0938 104 -0.1426  0.6666 0.0949 10.8 -0.1525 0.6604 0.0958
102 -0.1315  0.6662 0.0959 10.6 -0.1411 0.6594 0.0971 11.0 -0.1509 0.6532 0.0979
104 -0.1302 0.6591 0.0980 10.8 -0.1397 0.6524 0.0991 11.2 -0.1495 06463 0.1000
10.6 -0.1289 0.6521 0.1000 11.0 .-0.1384  0.6455 0.1011 11.4 -0.1480 0.6394 Q.1020
10.8  -0.1277 0.6453 0.1020 11.2 -0.1372 0.6387 0.1031 11.6 -0.1467 0.6327 0.1039
11.0 -0.1266 0.6386 0.1039 114 -0.1359 0.6321 0.1050 11.8 -0.1454 0.6261 0.1059
112 -0.1255 0.6320 0.1058 116 -0.1348 0.6256 0.1069 12.0 -0.1441 0.6196 0.1077
114 -0.1244 0.6255 0.1076 11.8 -0.1336 0.6192 0.1087 122 -0.1429 0.6133 0.1095
11.6 -0.1234 0.6192 0.1094 120 -0.1325 0.6129 0.1105 124 -0.1417 0.6070 0.1113
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Table A: Continued

a=1.60 a=1.70 =1.80

ay a;=-as az ay ay a1‘=-a3 a, as a, a;=-as a, ay

6.0 -03603 09665 -0.0370 64 -04200 0.9446  -0.0498 70 -04192 09155 -0.0386
6.2 -0.3202 09484 -0.0194 6.6 -0.3594 09366 -0.0259 72 -03662 09102 -0.0186
6.4 -02926 09279 -0.0059 68 -0.3236 09202 -0.0105 74  -0.3317 0.8958 -0.0042°
6.6 -02726 05077  0.0050 70 -0.2983 09016  0.0017 7.6 -0.3071 08780  0.0072
6.8 -0.2573 0.8888  0.0140 72 -02796 0.8833 0.0116 7.8 -0.2888 0.8620  0.0166
7.0 -02452 0.8713  0.0217 74 02651 0.8659  0.0199 8.0 02746 0.8459  0.0246
72 -02353 08551  0.0284 7.6 -02535 0.8498  0.0271 82 -0.2632 08307 0.0314
74 -02270 0.8400  0.0344 78  -0.2440 0.8347  0.0334 84 -02536 08165  0.0375
76 -02199 08259  0.0398 80 -02359 08206  0.0391° 86 -02456 0.8032  0.0429
7.8 -0.2137 0.8127  0.0447 82 -02289 0.8073  0.0442 8.8 -02386 0.7906  0.0478
8.0 -0.2083 0.8002  0.0493 84 -0.2228 0.7948  0.0489 9.0 -02324 0778  0.0524
82 -0.2034 07883  0.0535 8.6 -0.2174 0.7829  0.0532 92 -0.2269 0.7673  0.0565
8.4 -0.1990 0.7770  0.0574 8.8 -0.2125 07716 00573 9.4 02220 07564  0.0605
8.6 -0.1950 07662  0.0611 9.0 -0.2081 07608  0.0610 96 -0.2176 07460  0.0641
88 -0.1913 07559  0.0646 9.8 -02135 07360  0.0676

92 -02041 0.7505  0.0646

9.0 -0.1830 0.7459  0.0679 94 -0.2004 07405  0.0680 100 -0.2097 0.7264  0.0709
92 -0.1849 07363  0.0710 96 -0.1970 0.7310  0.0712 102 -02063 07172  0.0740
94 -0.1820 0.7270  0.0740 98 -0.1939 07217  0.0742 104 -0.2031 07082  0.0770
96 -01793 07181  0.0769 10.0 -0.1909 0.7128 - 0.0771 106 -0.2001 0.6995  0.0798
98 -01768 0.7094  0.0797 102 -0.1882 0.7041  0.0799 108 -0.1973 0.6911  0.0826
100 -0.1744 07009  0.0823 104 -0.1856 06957  0.0826 110 -0.1946 0.6829  0.0852
102 -0.1721 06927  0.0849 10.6 -0.1832 . 0.6875  0.0852 112 -0.1921 06750  0.0877
104 -0.1700 0.6847  0.0873 10.8 -0.1809 0.6795  0.0877 114 -0.1898 0.6672  0.0902
10.6 -0.1680 0.6770  0.0897 11.0 --0.1787 0.6718  0.0901 11.6 -0.1876 0.6596  0.0925
10.8 -0.1661 0.6694  0.0920 112 -0.1767 06642  0.0924 11.8 -0.1855 06522  0.0948
11.0 -0.1643 0.6619  0.0943 114 -0.1747 06568  0.0947 120 -0.1834 06450  0.0970
112 -0.1626 0.6547  0.0965 11.6 -0.1729 0.6496  0.0969 122 -0.1815 0.6380  0.0992
114 -0.1609 0.6476  0.0986 11.8 -0.1711  0.6425  0.0990 124 -01797 06310  0.1013
11.6 -0.1593 0.6407  0.1006 120 -0.1694 06356  0.1011 126 -0.1779 0.6243  0.1033
118 -0.1578 0.6338  0.1027 122 -0.1678 0.6288  0.1031 128 -0.1763 06176  0.1053
120 -0.1563 0.6272  0.1046 124 -0.1662 0.6221 0.1051 13.0 -0.1747 06111  0.1072
122 -0.1549 0.6206  0.1065 126 -0.1647 06156  0.1070 132 -0.1731 0.6047  0.1091
124 -0.1536 06142  0.1084 128 -0.1633 0.6092  0.1088 134 -0.1716 05984  0.1110
126 -0.1523 0.6078 .= 0.1102 13.0 -0.1619 ~ 0.6029  0.1107 13.6 -0.1702  0.5922  0.1128
128 -0.1511 0.6016  0.1120 132 -0.1605 05967  0.1125 13.8 -0.1688 05861  0.1145
13.0 -0.1499 05955  0.1137 134 -0.1592 . 05906  0.1142 140 -0.1675 0.5801  0.1163
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Table A: Continued

=190 a;=2.00

(223 ay==as @ as oy H=-a as aq

7.6 -0.4336 0.8861 -0.0335 84 -04001 08616 -0.0126
7.8 -0.3795 0.8858 -0.0142 8.6 -0.3609 0.8539 0.0020
80 -0.3440 0.8740 -0.0001 8.8 03337 0.8407 0.0134
82 -0.3188 0.8588 0.0111 9.0 -0.3137 0.8263 0.0227
84 -0.3002 0.8432 0.0203 92 -0.2985 0.8121 0.0305
8.6 -0.2857 0.8281 0.0280 94 -0.2862 0.7985 0.0371
8.8 -0.2740 0.8138 0.0347 9.6 -0.2761 0.7855 0.0430
9.0 -0.2643 0.8002 0.0406 98 -0.2675 0.7733 0.0483
9.2 -0.2561 0.7875 0.0459 10.0 -0.2600 0.7616 0.0531
9.4 -0.2489 0.7754 0.0508 102 -0.2535 0.7505 0.0575
9.6 -0.2426 0.7639 0.0552 104 -0.2477 07398 0.0615
9.8 -0.2370 0.7530 0.0593 10.6 -0.2424 0.7296 ‘ 0.0653
10.0 -0.2320 0.7425 0.0631 10.8 -0.2377 0.7199 0.0689
10.2 -0.2274 0.7324 0.0667 11.0 -0.2334 0.7104 0.0723
104 -0.2232 0.7227 0.0701 11.2 -0.2294 0.7013 0.0755
106 -0.2194 0.7134 0.0734 114 -0.2257 0.6925 0.0785
10.8 -0.2158 0.7044 0.0764 11.6 -0.2223 0.6840 0.0814
11.0 -0.2125 0.6957 0.0794 11.8 -02191 0.6757 0.0841
112 -0.2094 0.6872 0.0822 12.0 -0.2161 0.6677 0.0868
114 -0.2065 0.6790 0.0848 122 -0.2133  0.6599 0.0894
11.6 -0.2038 0.6710 0.0874 124 -0.2106 0.6523 0.0918
11.8 -0.2013  0.6632 0.0899 12.6 -0.2081 0.6448 0.0942
12.0 -0.1988 0.6556 0.0923 12.8 -0.2057 0.6375 0.0965
122 -0.1965 0.6482 0.0947 13.0 -0.2034 0.6304 0.0987
124 -0.1944 0.6410 0.0969 13.2 -02013  0.6235 0.1009
126 -0.1923  0.6339 0.0991 134 -0.1992 0.6167 0.1030
128 -0.1903 0.6270 0.1012 13.6 -0.1973 0.6100 0.1051
13.0 -0.1884 0.6202 0.1033 13.8 -0.1954 0.6035 0.1070
132 -0.186 0.6136 0.1053 14.0 -0.1936 ~ 0.597t1 0.1090
134 -0.1849 0.6070 0.1072 142 -0.1919 0.5907 0.1109
13.6 -0.1832 .0.6006 0.1092 144 -0.1902 0.5845 0.1127
13.8 -0.1816 0.5943 0.1110 146 -0.1886 0.5785 0.1145
140 -0.1801 0.5882 0.1128 148 -0.1871 0.5725 0.1163
142 -0.1786 0.5821 0.1146 150 -0.1856 0.5666 0.1180
144 -0.1772 0.5761 0.1164 152 -0.1842 0.5607 0.1197
146 -0.1758 0.5702 0.1181 154 -0.1828 0.5550 0.1214
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CHAPTER 5

Reliability evaluation of project duration considering

activity correlation

5.1 Introduction

In traditional methods for reliability evaluation of project duration, such as critical
path method (CPM) [1-4], program evaluation and review technique (PERT) [5-6], the
Monte Carlo simulation (MCS) [7-13], fast and accurate reliability bounds (FARB) [14].
etc., it is assumed that the durations of individual activities are independent. In real
situations, however, factors such as weather, site conditions, and design changes can
affect the duration of project activities. These factors usually affect multiple activities
on a particular project and may cause the activity duration to be correlated [15-16].
" Traditional methods will not capture the correlation that may exist between the
durations of different activities in a project network [16-17].

A survey conducted by the Project Management Institute [18] in 1999 showed that
nearly 20% of project management software supports MCS. Nowadays, with the rapid
development of science and technology, it is easy to understand that the project
management software supporting MCS should exceed 20%. For example, PerMaster
[19] uses planning data in tools such as MS-Project and Primavera, combined with
MCS to provide project risk analysis in terms of project completion time. However,
MCS assumes the activity durations are independent. Therefore, PerMaster cannot deal
with the reliability assessment of project duration caused by activity correlation. Then
people who use this tool will ignore the relevance and even fail to understand
correlations. Under these circumstances, the method of estimating the project duration
lacks accuracy and is inconsistent with actual project practice. Therefore, dealing with
the correlation between activities is very necessary for the reliability assessment of the
project duration [20-21].

To solve this problem, an MCS based on fourth-moment transformation technique for
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reliability assessment method of project duration is proposed in this chapter. This
chapter consists of five parts: firstly, after obtaining the first four moments and the
correlation information of activity durations, the performance function G(X) of the
project duration is determined, where X is a vector of activity durations, some or all of
which may be correlated. Secondly, the fourth-moment transformation approach for
treating correlations in activity durations is developed. Thirdly, utilizing MCS to
calculate the reliability of project duration performance function G(X). Finally, the
accuracy of the proposed method is demonstrated through a numerical example.

5.2 Correlation information acquisition and performance function
establishment

5.2.1 Correlation information acquisition of the activity durations

Usually, when dealing with correlations among primary variables, it is only the linear
correlations. If all the primary variables are normally distributed, then the linear
correlations between variables are the true correlations. However, in general, all the
primary variables are not subjected to normal distribution. Therefore, one is faced with
the problem of non-linear correlations. It is still complex and largely unresolved
theoretical issues of obtaining and treating non-linear correlations. Therefore, the
correlations among primary activity durations are assumed linear. This assumption
implies that relationships between activity durations are approximately linear.

In the planning stage of most engineering projects, there are large data limitations.
However, the treatment of the correlation between variables is very important for the
reliability assessment of the project duration. Many researchers have recognized this
necessity [23-26]. Therefore, the correlation between the main variables must be
derived subjectively by experts [22].

5.2.2 Performance function establishment of the project duration

As mentioned in chapter 3, for the project network, each failure path f; can be
determined by a performance function g;= g{(X)= t-T«X) [27], such that f;= (g;< 0), and
the failure probability of the project duration can be given as follows

P, =Probif, L f, V..U f,]
= Probl(g,(X) < 0) U(g,(X) <0),..., U (g, (X) < 0)]
where ¢ is the target project duration, X = {xy, xa, ..., X,} indicates the vector of random

G-D
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variables, and 7; (X) denotes the duration of path i.
On the contrary, the reliability of the project duration is the probability that none of
the L possible failure paths will occur, that is, the intersection of all the complements of

the L potential failure paths, which gives

P, = Prob[f, U f, U U f,1=Problf, N f,N..0 },]]

= Prob[(g,(X)>0) N (g,(X)>0)N...n (g, (X) > 0)] G2

Eq. (5-2) means that the reliability of a project duration is the event that all the L
performance functions have to be larger than zero, that is the target duration ¢ is larger
than all the path durations T{(X), and it is equal to the event that the target duration  is
larger than the maximum of T4(X). This means

Py = Prob {t —max{T,(X),T,(X),....T, (X)]] >0} (5-3)
The corresponding failure probability of the project duration can be expressed as
P, = Prob{t -max[T,(X),7,(X).....T,(X)] <0} (5-4)

Thus, the overall state performance function of the project duration, G, can be
expressed as 3

G(X) =t -max[1;(X), ,(X),... T, (X)] (5-5)

5.3 Fourth-moment normal transfor_métion for correlated activity
durations

In general, the random variable X; can be standardized, such as:
X, =X, — Ky, )/ Oy, (5-6)

where ux; and Gy; are the mean and standard deviation of Xj;, respectively.
Consider correlated random variables X; (i=1,..., n) with correlation matrix, if the

first four moments (i.e., mean, standard deviation, skewness and kurtosis) of X; are
known, the standardized variable X;; of X can be expressed as:

X = A (Z)=a,+bZ, +ciZi2 +diZi3 -7

where Zi is the ith correlated standard normal random variable; Sz(Zi) is the third-order
polynomial of Zi; and ai, bi, ci, and di are the polynomial coefficients, which can be
determined by making the first four central moments of Sz(Zi) equal those of Xis [28],
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as shown in Appendix A.

According to Egs. (5-6) and (5-7), the relation between Xi and Zi can be expressed as:
X, =py +0X (a,+bZ +cZ] +dZ))(i=1, 2, ...,n) (5-8)

Assume that p; is the correlation coefficient between X; and X; , and poy is the
correlation coefficient between Z; and Z, which referred as equivalent correlation

coefficient, then according to the definition of correlation coefficient, the following can
be gotten,

p, =E(X,-X,)=(a,b,c.d)R(a,b,c,.d,) (5-9a)
where “
1 0 1 0
_ 2 3\ 2 3 n_O Poy 0 3p0ij
R_E[(lsziazi sZi ) (l’stZj 7Zj )]_ 1 0 ngy_'_l 0 (5'9b)

0 3p,, 0 60, +9p,;
Substituting Eq. (5-9b) into Eq. (5-9a) the following can be gotten:
p; =(bb, +3db, +3bd, +9dd ) p,, +2c,c; 05, +6dd, py; (5-10a)
It can be observed that py; can be determined from solving Eq. (5-10a). It is worth
noting that the valid solution of py; should be restricted by the following conditions to
satisfy the definition of the correlation coefficient:

~1< g, <1, p,-p,; 20, a0d || 2|0 (5-10b)

Based on Eqs. (5-10a) and (5-10b), the expressions of the equivalent correlation
coefficient py; and the upper and lower bounds of original correlation coefficient pj,
which ensure the transformation executable are summarized in Table 5-1 [29], more
detail about the derivation process of Table 5-1 can be seen in Appendix B [29].

Table 5-1 Equivalent correlation coefficient and bounds for third-moment

transformation
Conditions Application range of p; Poii
0 | [=bib, biby] Py
Cie = —0i0j, 6ib; T
J » I bb,
_ , 21.2
Cicj> 0 SCiCj —b,zbj2 >0 4C,-Cj —bibj >0 [_b,zbj2 /(Scicj)abibj + 2cicj] bibj ! IZ bj +80icjpﬁ
. C.C.
. . ! J
212
ce<0 8o, +'B <0 dee,+bb <0 [2cc, —bb,—bb] I (8cc))] bb; +, ’lz b} +8c,c,p;
ce;
. _ 212
Othorwise [ce, ~bb,.bb, +20,] bb, + ,/b,- b; +8c,c;p;
dec,
i)
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Consider correlated random variables X; (i = 1, ..., n) with correlation matrix Cx

1l py o P
c=|2 . T P (5-11)
Pn P 1

where p; is the correlation coefficient between Xiand X
If the first rth moments of X are known, the pair of rth moment of fourth-moment
normal transformation for X; can be given as:
X, =52, M) (5-12a)

Z;=S8(X,, M) (5-12b)

where Z; is the rth moment of the fourth-moment standard normal variable.

Substituting Eq.(5-12a) into the definition of p, one obtains
py=E(X, X,)=ES'Z.M)-S(Z, )] (5-13)

Since X are correlated random variables, Z are obviously also correlated random
‘variables. Assuming the correlation coefficient between Z; and Z; is py;;, the relationship
between py; and p; can be defined by Eq. (5-13). Then, Puij can be determined from p;

and M, and the correlation matrix of rth moment fourth-moment standard normal
variables, Cz, can be written as:

1 Poiz " Pom
1 -
C, = p(:lZ . § p(;Zn (5-14)
Pom  Pomz 1
Using Cholesky decomposition, the correlation matrix Cz can be rewritten as,
C, =L} : (5-15)

where Ly is the lower triangular matrix from Cholesky decomposition and LOT is the
transpose matrix of Ly. - ,

With the correlated th moment fourth-moment standard normal vector Z obtained
from Eq. (5-12b), the independent standard normal vector U = (Uj, U, ..., U,) can then
be given as:

U=L/Z | (5-16)

In order to obtain the inverse transformation, the independent standard normal vector
U is firstly transformed into correlated rth moment fourth-moment standard normal
vector Z by
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Z=L,U (5-17)

where Ly is the inverse matrix of Ly, and Ly is expressed as:

L, 0 -« 07 B
T e (5-18)
Inl ln2 “. lnn

Using Eq. (5-12a), the reduced random vector of X can be obtained, and then the u-x;.
transformation can be accomplished.
In particular, when both Eqgs. (7.30a) and (7.30b) hold true only for the first two

moments, i.e., the mean value and the standard deviation, Eqs. (5-12a) and (5-12b)
become

X, =2 (5-19a)
Z, =X, ' ; (5-19b)
In this case, p; = py.

Then, utilizing the Cholesky decomposition, the correlated fourth-moment standard
variables can be converted to independent standard (reduced) space:

U=1X, (5-20a)
X, =L,U (5-20b)

where L is the same as the matrix shown in Eq. (5-18), and Lo is the inverse matrix of
Lo. '
From Eqgs. (5-17), (5-18), and (5-7), the u-x transformations can be expressed as

i i 2 i 3
Xi = Hy, +O-X,- [ai +bizlikUk+ci (ZlikUk] +di (ZlikUk) :I’ (=12, -, m) (5-21)

k=1 k=1 k=1

where [ is the rth row kth column element of matrix L.

Based on Eq. (5-16) and (5-12b), the normal transformation based on the fourth
moment transformation is expressed as

U, =Y hSX) =Y hS[(X, ) 0y, | (=12, -, m) (5-22)
k=1 k=1

where h;; is the rth row kth column element of matrix L'O1 ; and S(XG) is given by Table
5-2.
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Table 5-2 Complete expression of the fourth moment normal transformation of S(X;)

Parameters : Range of X; Expression of S(X;;) Type
d;<0 J,<G<J =2rcos[(@+7)/3]-al3 1
d>0 P<0 a 20 J<G<J 2rcos(0/3)—a/3 I
G=>J, fa4+3IB-a/3
a, <0 J<G<J, —2rcos[(6-m)/3]-a/3 it
GsJ, Ya+3yB-a/3
P20 (—o0,00) fA4+3YB-a/3 V1
as=0 @, #0 b+4c(c+X,)20 [-b+ 5 +dc(c+X)/2c, Y
a,, =0 (—wn,m) X v

5.4 Evaluation of the project duration -

Using the proposed fourth-moment transformation described above, the correlated
nonnormal activity durations can be transformed into independent standard normat ones.
Then Monte Carlo simulation (MCS) can be used to calculate the reliability of the
project duration.

For a project duration performance function G(X), randomly give a sample vector X
for the activity duration vector X, G(x,)<0is then checked. If the performance
function is violated, the structure or structural element will be considered to fail. If the
experiment is repeated for N times, the probability of failure of the project duration can
- be approximated by
_nlG(x,) <0]
- N
where n[G(x,)<0] is the number of trials for which G(x,) <0. Obviously, the number
N of trials required is related to the desired accuracy for Pr.

Then the reliability can be calculated as follows:

P =1-P, (5-24)

P, (5-23)

535 Application of the proposed method
The proposed method is applied to a practical project from [31]. Activity network and

descriptions are shown in Fig. 5-1. The first four moments of the activity duration are
listed in Table 5-3. Activity information of network paths for the project is shown in
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Table 5-4. Thercorrelation of the activity durations is shown in Table 5-5. The target
duration of this project is 90 days.

5. Pour foundation
and piers

3. Excavation / 7. Erect girders

4. Precast concrete
girders

2. Forms and rebars »

¥

1. Site preparation

A

6. Deliver PC guders

Fig. 5-1 Example network

Table 5-3 First four moments of activity duration

Activityi  Distribution =~ Mean  Standard deviation Skewness Kurtosis

1 Lognormal  14.1667 2.1667 0.2660 3.12605
2 Lognormal  15.3333 1.3333 0.3530 3.2223
3 Lognormal 15.5 2.1667 0.4221 3.31841
4 Lognormal  12.1667 13333 0.1970 3.06908
5 Lognormal 22.5 2.1667 0.2134 3.08113
6 Lognormal  14.1667 1.6667 0.2058 3.07539
7 Lognormal  9.1667 0.8333 02735  3.13326

Table 5-4 Activity network paths for the project

Path Activities of each path
1 1,2,5,7
2 - 1,3,5,7
3 1,4,6,7

Only consider the critical path, using MCS with 500 samples, the probability of
failure Py is obtained as 0.08. Compared with the results generated by Yang [32] and
CPM, it is nearly the same. So that the accuracy of the proposed method is
demonstrated. While as mentioned in chapter 3, the influence of paths correlation
cannot be ignored. Thus, according to Eq. (5-5), the project duration performance
function G(X) can be defined:

G(X)=90-max([T,(X),T,(X).T; (X)] (5-25)
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where

X =x+x,+x+x, LX)=xtx x 4x, LX)=x+x gx 4x

Table 5-5 Correlation coefficient between activity duration

Activityi pn p2 Ps Pu P55 Pis P

1 1 0 0 0 0 0 0

2 0 1 0 0 05 0 0

3 -0 0 1 0 0 0 0

4 0 0 0 1 0 08 038

5 0 0 0 0 1 0 0o
6 0 0 0 0 0 1 08

7 0 0 0 0 0 0 1

The correlation matrix of basic random variables is given as:

x (1 \
%0 1
X0 0 1
Cy=x,0 0 01
x{0 05 0 0 1
x[0 0 0 08 01
x\0 0 008 0 08 1,

Based on the fourth-moment transformation technique, the correlative matrix of
standard normal variables can be gotten:

1 0 0 0 0 0 - 0

01 00 0.5013 0 0

00 1 0 0 0 0
=10 0 01 0 0.8004 0.8006

0 05013 0 O 1

00 0 0.8004 O 1 0.8006

0 0 0 0.8006 0 0.8006 1

. J
Then the lower triangular matrix L, can be obtained from Cholesky decomposition
of Cz:
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1 0 00 0 0 0

0 1 00 0 0 0

00 1 0 0 0 0
L,=10 0 01 0 0 0

0 05013 0 0 0.8653 0 0

00 0 0.8004 0 0.5996 0

00 0 0.8006 0 0.26659 0.5366 )

Then the performance function G(X) in Eq. (5-25) can be rewritten as G(U), where
Uyi=1,2,...7) are independent standard normal variables.

Then using the method of MCS with 100,000 samples, the probability of failure Py is
obtained as 0.05824. It can be seen that the result is very different from considering

only the critical path.

5.6 Conclusions

In this chapter, a new project duration reliability method has been introduced to treat the
correlations between activity durations. It has introduced a fourth-moment
transformation technique for transforming the correlated nonnormal random variables
into independent standard normal ones, in which the correlated nonnormal random
variables are firstly transformed into correlated standard normal random ones using the
fourth-moment transformation; and the correlated standard normal random variables are
then transformed into independent standard normal random ones using Cholesky
decomposition. Then Based on the proposed fourth-moment transformation, a MCS
method for the reliability analysis of the project duration involving correlated random
variables is conducted. ‘A simple numeral example has demonstrated the accuracy of the
proposed method.

Appendix A

According to Fleishman [28], the third-order polynomial transformation is as follows
X, =S'Z)=a+bZ +cZ}+dZ] ‘ (A-1)
where X; is the standardized random variable; U is the standard normal random variable,
and a;, a, a3 and as are the polynomial coefficients that can be determined by
moment-matching method (Fleishman 1978), i.e., making the first four moments of the
left side of Eq. (A-1) equal to those of the right side, i.e.,
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a+c =0 (A-2a)

B +22 +6bd +15d° =1 ~(A2b)

6b’c, +8c’ +72b,c,d, +270cd! = e, x, (A-2¢)

3(b' +20b)d, +21067d] +1260b, d; +3465d,') +12¢] (5] +5¢] +78bd, +375d}) = e,

A-2d
Simpliﬁcation of Egs. (7.71a-d) leads the following equations of parameters a, z(md a4)
244 =y (A-3a)
344,+34, = (;:4 X, (A-3b)

where

A =1-b"~-6b,d, ~15d; ' (A-3c)

A, =2+b? +24bd, +105d; A (A-3d)
A, =5+5b" +126bd, +675d” (A-3e)
A4, =b' +20b°d, + 2106 d? +1260b,d’ +3465d; (A-31)

Since the values ay; and auy; are known, the parameters a; and c; can be readily
solved as

ci =_aj - 1 (A_4)

When | sy, | <2 and (4a,,, *7)/3 <ea,,, <12, the explicit expressions for the

four coefficients suggested by Zhao and Lu [23] can be adopted, which are expressed
as:

a 1-3k, K
ci——ai=—3Xi ’ ;=%7 S EETY ] (A-5a)
6(1+6k;) l+a’ +k 1+a +12k;
1
k = g(\/&zm ~8a}, —14-2) (A-5b)
Appendix B

When c,c; is not zero, Eq. (5-10a) is a quadratic equation. For brevity, the right side of
Eq. (5-10a) is expressed as h(y), i.€.,

Py =h(py;) =bb; - pyy; +2c,c, 'pgij B-1)
The axis of symmetry of h(oy;) is at:
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Poy = Poj-sym =—bb, [(4c,c,) (B-2)

According tothe third moment fourth-moment normal transformation, its region of

application is given as: ,

22 <@, <2V2 and 2{2<a, <2\2 (B-3)

It can be observed that b4, is non-negative. Therefore, pyj.sym is positive for c;c; < 0

and negative for c;c; > 0. The shape of () for cic; # 0 is presented in Fig. B-1, in

which the solid lines denote the region satisfying the condition that py;- g, > 0 and py; is
an increasing function of py.

A
Py Py

\/
4

L >
\
Poy | Poy
.

pﬂij-sym

(a) Cicj'> 0 (b) CiCy <0
Fig. B-1 The shape of 1 (o) for cic; = 0
From Fig. B-1(a), the equivalent correlation coefficient py; for cic; > 0 can be given

as: ,
—bibj + ’bfbj +8cc Py | B-4)

4c,c 7

Poy =

In order to satisfy —~1 < ppy < 1, the p; should have application bounds, i.e.,
Py €LPy—min> Pjmax) 5 in which pjmin and pPjme are the lower and upper bounds,

respectively. According to Fig. B-1(a) and || 2 |p;l, the upper bound, pjmax, can be
readily given as: '

Pyemax =B =bb, +2c,c; - (B-5a)
And the lower bound can be determined as:

_ {h(pog‘—sym )5 h(poy'—sym) > —1 and poy'—sym > —1
ij—min

= _ (B-5b)
h(-1), otherwise

where h(—1) = 2cic—bibj; h(0y;4m) =—b;b: / (8¢,c,) . Thus, Eq. (B-5b) can be rewritten

as:

~bb’ / 8¢c,c;), 8cc,—b’h’ >0 and 4c,c, —bb, >0
Py min ={ ’ ’ T s (B-5¢)

2cc,-bb,,  otherwise
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Similarly, po; for cic; < 0 is also given by Eq. (B-4), and the application bound of p;
is expressed as:

—b}b} / (8¢c,c,), 8ce, +bb! <0 and 4cc; +bb, <0

Pijmax = ) (B-6a)
bb, +2cc;,  otherwise
Pyjomin =2¢,¢, —bb; (B-6b)
When c;c; = 0, according to Eq. (5-10a), py; can be readily determined as:
Poy = Py / bibj (B-7)
and the bound for c;c; = 0 can be determined as:

Lyjmax =00, (B-8a)
Pjmax =—0b; (B-8b)

Finally, the expressions are summarized in Table 5-1 for the equivalent correlation
coefficient py;and the upper and lower bounds of original correlation coefficient p; to
ensure the transformation executable. . |
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CHAPTER 6

Conclusions

In this study, simple and effective methods based on the method of moments have
been proposed to assess the reliability of the project duration. The contents of this paper
are summarized as follows: v

In chapter two, a new computing model combined with PERT and cubic normal
distribution has been proposed. A real project was analyzed by comparing cubic normal
distribution and normal distribution with Monte Carlo simulation which illustrated that
the use of this new proposed model can enable more reasonable and accurate reliability
analysis of the total construction duration for the projects.

In chapter three, a simple and effective method based on the method of moments has
been proposed to assess the reliability of the project duration. The proposed method
consists of three main sections: first, an overall performance function is established with
respect to the project duration; second, the bivariate-dimension reduction is used to
evaluate the first three moments of this performance function; third, the reliability of the
project duration is assessed by the third-moment reliability index. Two numerical
examples were used to demonstrate the efficiency and effectiveness of the proposed
method. It can be found that: the proposed method can provide nearly the same
reliability assessment results of the project duration compared with the MCS method
with less calculation. And compared with the FARB method, the proposed method does
not require the calculations of the correlation coefficients between any pair of paths and
the joint failure probability of any pair of representative paths. In addition, the proposed
method can give an explicit formula of project duration reliability curve under different
target durations, avoiding repeated calculations as the target duration changes.

In chapter four, the reliability analysis method of construction schedule under the
influence of single risk factor is proposed. The proposed method is based on cubic
normal transformation, which utilizing the first four moments of the influencing factor

in practical engineering was proposed. It can provide more accurate analysis result than
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other existing methods to analysis the reliability of construction schedule plan. Through
case analysis, the proposed analysis method using cubic normal distribution is proved to
be more reliable than that using the normal distribution.

In chapter five, an MCS based on fourth-moment transformation technique for
reliability assessment method of project duration is proposed. It allows correlation
between activity durations to be considered in network analysis. It has introduced a
fourth-moment transformation technique for transforming the correlated nonnormal
random variables into independent standard normal ones, in which the correlated
nonnormal random variables are firstly transformed into c6rrelated standard normal
random ones ﬁéing the fourth-moment transformation; and the correlated standard
normal random variables are then transformed into independent standard normal
random ones using Cholesky decomposition. Then Based on the proposed
fourth-moment transformation, the MCS method for the reliability analysis of the
project duration is conducted.
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